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Abstract
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Problem statement

In this study, the indirect boundary element method (BEM) of the single and double layers can be employed to solve the anti-plane shear problem including the crack or rigid-line inclusion. The exact solution and
numerical results for the unknown boundary density and displacement field has been solved. We discuss the solvability of solutions for four different problems by using the indirect BIEM, respectively. It is interesting
to find that even the unknown boundary data does not agree with the analytical solution, the solution for the displacement field is still acceptable, for the single degeneracy of degenerate boundary (SDB) cases. The
reason is explained by applying the singular value decomposition (SVD) technique. In addition, we deal with the double-degeneracy problem by using the Fichera method. It is noteworthy that the Fichera method can
effectively solve the degenerate-scale problem.

Conclusions

The solvability of solutions for the anti-plane shear problem, including a crack or a rigid-line inclusion, was investigated by using the direct and indirect BIEM/BEMs. The role of single-layer and double-layer approaches for
solving double-degenerate BVPs was thoroughly examined. A rigid-line inclusion under the anti-plane shear can be solved by using the single-layer potential approach only, and a crack under the anti-plane shear can be solved
by using the double-layer potential approach only. It is interesting to find that even though the influence matrix is rank-deficient due to the degenerate boundary, but we still can use only the single-layer or double-layer approach to solve the
corresponding problem. Also, it is worth noting that even the unknown boundary data does not agree with the analytical solution, the solution of displacement field may still be obtained. We can explain it by using the SVD technique, the
spectrum of boundary density can be decomposed into two parts, one is symmetric part and the other is anti-symmetric part. And according to the singular value of the influence matrix, one of the parts with a corresponding zero singular
value will have no impact on the field solution. However, the problem of double degeneracy for symmetric cases cannot be solved by using the single-layer potential approach alone because of the degenerate scale. To overcome this problem,
the Fichera formulation can be employed. Finally, the numerical results were compared with the exact solution to see the validity of our approach.
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Table 2  Solvability of solutions for four anti-plane shear problems by using direct and indirect BIEMs.
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Table 1    Solution of crack and rigid-line inclusion problems by using the single and double-layer approaches (analytical and numerical approaches).
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Table 6    Solution of double-degeneracy case (Fichera Formulation).
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gα cα

pα

1 1.10915wα = 2 3.66937wα = 3 4.60846wα = 4 -1.83273wα = 5 0.86656wα =

6 -2.7 - 05w eα = 7 -0.80600wα = 8 1.3 - 05w eα = 9 -0.65756wα = 10 -0.65756wα =

1 5.77675wα = 2 -2.09697wα = 3 0.14266wα = 4 -1.04709wα = 5 1.07580wα =
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BUψ
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BUψ
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7

BUψ
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2

DUψ

( )
3

BUψ

( )
8

BUψ

( )
3

DUψ

( )
4

BUψ

( )
9

BUψ

( )
4

DUψ

( )
5

BUψ

( )
10

BUψ

( )
5

DUψ

( )
6

DUψ ( )
7

DUψ ( )
8

DUψ ( )
9

DUψ ( )
10

DUψ

6 0.02651wα = 7 -0.75433wα = 8 -0.00225wα = 9 -0.71574wα = 10 0.00107wα =

Table 4    Solutions of boundary densities including the homogeneous part.

[ ] { } { }10 10 10 1 10 1
,M

B gU uα
× × ×

=

[ ] { } { } 110 10 1
.D g MDM

U uα
×× ×

=

{ } { } { } { }.g c pα α α α= = +

Explanation of correct displacement field for the 
boundary density including the homogeneous 
solution

We successfully prove that the
homogeneous solution has no
effect on the final displacement
field. That is the reason why the
unknown boundary data does not
agree with the analytical solution,
but the displacement field solution
is still acceptable.

[ ]{ } 0.B cU α =

[ ] ( ) ( ) ( ) [ ] ( ) ( ) ( )
10 10 1010 10 10 10 10 10 10 10 10

,    ,B B B D D D
T TU U U U U U

B D M M M M
U U

× ×× × × × × ×
           = Φ Σ Ψ = Φ Σ Ψ           

( ) ( ){ }
5

1

,D BU U
i i i

i

cψ ψ
=

= ∑ { } ( ){ }
5

1

,DU
c i i

i

wαα ψ
=

= ∑

[ ]{ } 0,D cU α =

{ } [ ]{ } [ ]{ } [ ]{ }.D D p D c D pu U U Uα α α= + =

Discretization of BIE

The solution of boundary density

Thus

the complementary solution of the 

{α }, contributed by the row space 

vector

{ }:cα

general solution of {α }.

{ } :pα

{ } :gα

influence matrices of the boundary[ ] :BU

[ ] :DU

,  1,2, , .i i Nψ = 

influence matrices of the domain

the particular solution of the {α }, 

contributed by the row space 

vector ,  1, ,2 .i i N Nψ = + 

{ } [ ]{ } [ ]{ }=M
B c B pu U Uα α+

Based on SVD technique

{ } ( ){ }
5

1

 andBU
c i i

i

wαα ψ
=

= ∑ { } ( ){ }
10

6

,BU
p i i

i

wαα ψ
=

= ∑ ( ){ } { },   1,2,...,10.BU
i iw iα ψ α= ⋅ =where

we know

Beside

Therefore

Hole: Rigid inclusion:

For degenerate scale of  rigid line inclusion.

xz Sσ ∞ = yz Sσ ∞ =
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