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1. (10 pt.) Let u : R? — R satisfy

with u(x,0) = 0. Find the explicit solution of this equation.
2. (10 pt.) Solve the wave equation of u : R? — R,

%u 9% _
o2 ox2

with the conditions, u(x,0) =0=u(0,¢), Vt,x € R.

e”, vV (x,t) e R?,

3. (20 pt.) Let
_b
PN = Gaayn®

for allx € R" and t > 0. Let g € C(R") N L™ (IR") be a real-valued function, and
unt) = [ @x=y1g0) dy.

Show with details that

(@)
/R P(x,t)dx=1,Vt>0.

(b) For any fixed x € R",
lim u(x,t) = .
; o“(% ) =8(x)

4. (10 pt.) Let R% be the set of upper half-plane. Let u : R7 — R be a harmonic function
satisfying u(x,y) = f(x/y), and the boundary conditions #(x,0) = 1 for x > 0 and u(x,0) =0
for x < 0. Find the explicit formula of the solution u(x,y).



5. (30 pt.) Let u : R" — R be a smooth harmonic function, i.e. Au = 0. Denote the gradient of
u by Vu, and the Hessian (matrix) of u by V2u.

(a) Show that [Vu|? is subharmonic, i.e. A|Vu[? > 0.

(b) Show that for any k € [0,n],
L l,/ Va2 dx) >0
dr \r* JB,(0)

where B,(0) :=={x e R" : |x| < r}.
(¢) Let n=2, and assume that detV?u # 0 at a point p € R2. Show that det V2u is superhar-
monic (i.e. Adet V2« < 0) in a neighborhood of p.
6. (20 pt.) Let Q C R" be an open and bounded simply-connected subset.

(a) Give the definition of Sobolev spaces W12(Q) is in terms of the notion of weak deriva-
tives. Is W12(Q) a Hilbert space (explain your answer)?

(b) Let p € [1,n). If we want to establish an estimate of the form

el 2oy < ClIVutl| oy

for any function u € C°(R") and certain constants C > 0, g € [1,%°), what should the
algebraic relation of p, g, and n be?

(Hint: scaling of u in either the domaun or the range would provide the information)
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1. (15 pt.)
Letu: [0,7] x (R; U{0}) — R fulfill
%u  9%u
W_W:(L \V/(X,[> € (O,n) XR+

with the initial data
(x,0) = y O, sinnux, @(x,O) = 3 By sinnx,
. ot =

n=1

and boundary conditions
u(0,t) =0=u(m,t), Vt>D0.

Represent the solution u as a Fourier series
u(x,t) = Z () sinnx,
n=1

and compute the coefficients ¥,().

2. (25 pt.)

Let
1 W2
e 41,V (x,1) e RxRy.




Assume that there exist constant numbers, M > 0 and @ € (0,1), such that
the real-valued function f € C(R x R)NL*(R x R) fulfills

f(x2.12) = f(x1,00)| S M- (Jg —x1 | % + |12 — 1] %)

for all (x1,#1), (x2,t2) € R2. Let

t [eS)
wet)= [ [ Ke=yi=1)-f(7) dydr.
Show with details that

(a) (20 pt.) z, %, %, g—jﬁ are continuous in R x (R U{0}).
(b) (5 pt.) The equation
dz 9%z
ot ox?
holds in the domain R x R .

+f

Hint: Consider the family of functions,

t—h poo
alen)= [ [ Ka—yi—1)-f(n7) dyde.
where h € (0,7/2).
. (30 pt.) The following is a standard procedure to establish regularity of weak

solutions of elliptic PDE:s.

Let Q C R? be an open, bounded, and simply-connected subset. Assume that
I': R — R is smooth and bounded (i.e., [['| < M for some constant M > 0).
Suppose that v : Q — R is a weak solution of

Au+T(u)|Vu|>* =0 (1)

in the Sobolev space W!?(Q). If v is a weak solution of Eq.(1) in W!'?(Q) N
WP(Q), where p > d, then the LP-theory of elliptic PDEs implies

veW>(QY)

for some g € (1,) and any proper open set Q' C Q. The so-called boot-
strapping argument is to proceed this procedure until one derives the interior
smoothness of v, i.e. v € C*(Q).



(a) (10 pt.) Give the definitions of weak derivatives and weak solutions of
Eq.(1) in W2 (Q).

(b) (20 pt.) Explain how to apply the boot-strapping argument to derive in-
terior smoothness of v, i.e. prove that v € C*(Q).

Hints: You should first figure out "¢ =?' in each step stated above.
In other words, in the L”-theory, Av = f € L” for some r > 1 implies
that v € W25(Q'), where s =?

4. (30 pt.) Denote by Bg := {x € R? : |x| < R} the open ball of radius R > 0
with center at the origin of R?. Let u : R¢ — R¥ be defined by

(a) As d = 1, is it true that u € W1 (BBy) for some p € [1,0)? If it is yes,
what is the range of p? If it is not, explain why.

(b) As d =2, is it true that u € W!P(IB;) for some p € [1,00)? If it is yes,
what is the range of p? If it is not, explain why.

(¢) As d = 3, is it true that u € WHP(B;) for some p € [1,0)? If it is yes,
what is the range of p? If it is not, explain why.
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1. (20 pt.) Denote by Ug := {x € R? : |x| < R} the open ball of radius R > 0
with center at the origin of R?. Let u : R? — R be defined by

X1

f~d 2
Zj=1 xj

(a) Asd =1, is it true that u € WHP(U;) for some p € [1,00)? If the answer
is positive, what is the range of p? If it is negative, explain why.

(b) As d =2, is it true that u € WIP(Uy) for some p € [1,00)? If the answer
is positive, what is the range of p? If it is negative, explain why.

u(x) =

2. (20 pt.) Denote by C(R9) the class of smooth real-valued functions with
compact support in R¥.

(a) Show that any function u € C°(RY) satisfies

d 22, %2 :
2 _
/Rd (M) dx=Y /Rd (ax,-axj> dx, 1)

i,j=1

where A denotes the Laplace operator in R?.

(b) Explain why Eq.(1) also holds for any function u € CE(R").

1



3. (10 pt.) Let u : R? — R satisfy

with u#(x,0) = 0. Find the explicit solution of this equation.

4. (30 pt.) Denote by Ug := {x € R? : |x| < R} the open ball of radius R > 0
with center at the origin of R?, and by Bg := {x € R?: |x| < R} the closed
ball of radius R > 0 with center at the origin of R2. Suppose the functions g
and u : Bg — R are continuous and u satisfies the Poisson equation,

Au =0, in Ug,
with boundary value g, i.e.
lim u(x) = g(xp), YV xo € IBg.
X—rX0

Answer the following questions with sufficient details.

(a) The fundamental solution of Laplace equation is given by

1
F(x>y) = _10g’x_)’|a

27
where x,y € R%. Show that the Poisson representation formula is given
by
R — |x]? / g()
ux) = ——— do(y), V x € Ug,

where do(y) represents the arclength element of dBg at y. (Hint: you
might need Schwartz reflection principle to construct the so-called Green's
functions and apply Green's identity.)

(b) Show that

Jim u(x) = g(xo0),

for any xg € dBg.

(¢) There are several methods to prove Maximum Principle for harmonic
functions. Could you just use the Poisson representation formula to prove
the strong Maximum Principle of the harmonic function u? Namely, if

sup u = u(p), for some p € Ug,
Bg
then u is a constant function.



5. (30 pt.) Let
1 _he
—_—e 4
(47t)1/2
forallx e Randt > 0. Let g € C(R) N L*(R) be a real-valued function, and

D(x,t) =

() = [ @(r=3080) dy.
Show with details that

(a) the function u satisfies the heat equation,

ou 0%u

E
inRXR+.

(b) For any fixed x € R,

li 1) = o(x).
t;rgou(x,) g(x)

(c) if
| 1@l ar<m,

for some constant M > 0, then there exists a constant C such that

C
|M(JC,I)| < ma

for all (x,7) € R xRy,
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PDE Qualify Exam
2016/10/31

Solve following problems. (10 points for each problem)

1o — o =0 for O<x<1, t>0;
(1+x)* ot* ox°
u(0,t) =0;
u(@,t)=0;
u(x,0)=0;
ou
W(X’O) =g(x).

2 2
ou  1ou +i—au =0 for r<i

+__
or* r or r® 06
u(L, ) =sin®4.

Au—-u=0 for O<x<z, O<y<z/2, 0<z<];
u=0 for x=0, y=0, z=1

a—u:O for x=r;

OX

6_u:O for yzl;
OX 2

a—u(x, y,0) = 2x—7.
oz

(@). Show that if

2
g—l:—kg lj =0 for O<x<l;
5 X the maximum of u for 0<x<I| and
u
——(0,t) =0.
ax( )

0<t<t mustoccurat t=0 orat x=1I. (10 points)

(b). Show that there is no maximal principle for the wave equation. (10 points)
(c). Let u(x) eC*(Q)NC(Q) be asolution of
: ou
Au+ > a (X
g;k()a&
Showthat u=0 on 0Q implies u=0 in Q. (10 points)

+c(x)u=0, where ¢c(x)<0 in Q.

1



3. Show that the modified Green’s function for the boundrary value problem
-u"="f, 0<x<1, u(0)=u@, v =u(Q),

where f € L*(Q), and satifies jol f(x)dx=0

is g(x,&)= L +M—%|x—§|.(15 points)

12 2

4. Suppose that L is strongly elliptic of order 2m on a bounded domain Q and
satisfies (~1)"Re > a,(x)&*>C|&[" for all £eR", xeQ, and that

| |=2m
L=L".

(@). Show that there is an orthonormal basis {u;} for H () consisting of
eigenfunctions for L such that u; eC*(Q) for all j and u; satisfies boundrary

conditions a‘vuj =0 on 0Q for i=12---m-1. The eigenvalues are real and
only accumulate only at +c. (15 points)

(b) Show that there is an orthonormal basis {u;} for L*(Q) consisting of

eigenfunctions for the Laplacian such that u; eC”(Q) and u;=0 on 0Q for

all j. The eigenvalues are all negative. (10 points)
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You have to answer the problems 1~5. You may do any one problem of 6 or 7 as a bonus.

1.

Consider the initial-boundary value problem for the backwards heat equation in one spatial
dimension:

o,u=-0>u, (t,x)e[0,1]x[0,1]. €))
(a) Find all solutions to the equation (1) that satisfy the boundary condition #(#,0)=u(z,1)=0
t €[0,1] and the initial condition u(0,x)= f(x), where f(x) be a smooth function (i.c.,
it is infinitely differentiable) on [0,1]. (15 points)

(b) If max| f(x) I <g, where & is a very small positive number, explain what conclusions can
xe[0,1]

be reached about the “size” of the solution at #=1. The term “size” is defined here to be

rr1[%1>1<]| u(t,x) | . (8 points)

(¢) Does this initial-boundary value problem well-posed? Explain your viewpoint. (7 points)

Suppose that u € C*(R*) be a harmonic function on R’:

Au(x)=0, xeR’.
Assume that ] u(x) | = \/“7” for all x, where " . || be the Euclidean norm on R’.
Show that u(x)=0 forall xeR’. (15 points)

Solve following initial value problem:
u, —3u,—4u, =0,

u(0,x) =x>, u,(0,x)=e". (15 points)

Let u(t,x)e C**([0,2]x[0,1]) be a solution to the following initial-boundary value problem:
du—0u=-u, (t,x)€[0,2]x[0,1],
u(0,x)=f(x), xe[0,1],
u(t,0)=g(t), u(,)=hn(), t<[0,2].
Assume that f(x)<0 for x€[0,1] and g(#)<0, h()<0 for re€[0,2] . Prove that
u(t,x)<0 holds for all (¢,x)€[0,2]x[0,1]. (15 points)

Let u(t,x)e C“([0,2]x[0,1]) be a solution to the following initial-boundary value problem:
ou— éf_u =—u, (¢,x)e€[0,0)x[0,1],
u(0,x)= f(x), xe[0,1],
u (t,00=0, u (1,1)=0, 1€[0,0).
Define
T(0)= [ u(t, x)ds.

(a) Show that 7'(¢) is constant in time (i.e., 7(¢)=7(0) forall 7>0). (12 points)
(b) What happens to u(f,x) as ¢— o ? Prove your guess. (13 points)



6. Assume that A(t,x) e C*([0,00)x R), that f(x)e C*(R)I*(R), and that g(x)e C'(R)NL*(R).
Let u(t,x) e C*([0,00)xR) be the solution to the following global Cauchy problem for an

inhomogeneous wave equation:
—0’u(t,x)+0u(t,x) = h(t,x), (t,x)e€[0,0)xR,
u(0,x)=f(x), du(0,x)=g(x).
Assume that at each fixed ¢,
1
hit,) |, <——.
[ <

Also assume that at each fixed ¢, there exists a positive number R(Z) such that u(z,x)=0
whenever Ix | > R(¢) . Define

E())= [ (Qu(t, %))’ +(@,u(t, %)) ek

(a) Show that

%Ez(t) = —2J-Rh(t,x)6,u(t,x)dx . (10 points)

(b) Show that E(t)< E(0)+C forall >0, where C>0 isa constant. (10 points)

7. Let f:R"— R be a smooth compactly supported function. Let u(z,x) be the unique smooth
solution to the following global Caucy problem:
—0%u(t,x)+ Au(t,x)=0, (t,x)<[0,00)xR",
u(0,x)= f(x), xeR",
0u(0,x)=0, xeR".
Let
i(,8) = | € ()"
be the Fourier transform of u(#,x) with respect to the spatial variable only.
(a) Show that #(z,£) is a solution to the following initial value problem:

0%i(1,) =—4n* [E[ 41, %), (1,E) €[0,00)x R",
0(0,6)=/(€), &eR",
0u(0,£)=0, £ R". (10 points)
(b) Find an expression for the solution #(z,€) of above initial value problem in terms of f &)

(and some other functions of (7,£). (Hint: If done correctly and simplified, your answer
should involve a trigonometric function.) (10 points)
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