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The follwoing article is adapted from various sources. As the
title suggested, it deals with some elementary, but "interesting,
methods in geometry which, probably, you have not yet learned from
the theoretical teatbooks. Though they may be of great importance

in application, we present them just for entertainment.

I. Topics about Spherical Trigonometry:

A spherical triangle is constructed by
three arcs of great circles. These three
arce are called the sides of the spherical
triangle. Each of the three psints where

two arcs meet is called a vertex of the

.spherical triangle.



Figure 1 shows an example of a spherical triangle ABC. We use
2 -~ —~~

the lowercase letters a, b, and c to denote the three sides BC, CA,
and Kﬁ respectively.

Suppose we have a spherical triangle

P

ABC. Draw the tangent lines of AB and KE
at A with directions to the points B and

¢ respectively. ( that is, the tangent

lines Shouid lie on the plane where the 0

arcs lie and point, from A, to the third

side). The angle between these two lines
is defined to be the angle / A. Similarly, r;rg 2
we can measure / B and C. Please refer
to figure 2. Notice that /A is exactly the angle between the two
planes AOB and AOC.

Suppose we have a spherical triangle ABC, Let A', B', and C'

~~ ~— 3 2
be the poles of the arcs BC, CA, and AB respectively. Since through
two points on the surface of a sphere, not being the two endpoints
of a diameter, there is exactly one great
circle, we can construct the spherical
- : o A

triangle A'B'C'. It is called the polar
triangle of the original spherical tri-
angle ABC. See figure 3. !

Since B' and C' are poles of the arce
P . el
CA and KE, the arcs KE' and AC' are all
quadrant arcs.. Thus A is also a pole of B

o~ :
the arc B'C". Similarly,B and C are poles Fﬁig 3
—~ o~

of the arcs C'A' and A'B'. , This shows
that the spherical triangle ABC is also the polar triangle of the

spherical triangle A'B'C'.

Now, we call the region between two great circles a lune. Refer

~ 35 ~



to figure 4 and 5.

The angle between the two great circles
is called the vertex angle of the lune. The
area of a lune is clearly in proportion to
its vertex angle.

The whole surface of a sphere with radius
f may be viewed as a lune with vertex angle
2 and area l&”rz . Thus a lune with vertex
angle A should have area .4777'2('_2%') = 2472

Suppose we got a spherical triangle ABC
on a sphereyith radius y . Referring to

figure 6, we see that area ABC + area BGDC =

area ABGDC = 2472, "
287 ?

ey ? . Fig.e

Adding the above three - equalit'ies, we get 2 areaABC + area of the

area AB 4+ area AHEC = area BCEHA

area ABC + area BFIA = area CAIFR

hemisphere = 2(A+B+C) )‘2. Thus the area of a spherical triangle
ABC is
2(A+B+C-1 ) 72
(From this we see that, for a spherical triangle ABC, the sum of its
angles is greater than 180° ). The number A+B+C- 7 is called the
spherical excess of the spherical triangle ABC.
IT. Topics about complex numbers in geometry:

Suppose z(} , Zl, and Zz are three distinct points in the complex

plane. The oriented angle from the vector
rA P N

> : 2=z

0 %1 to the vector ZO <',’2 is Arg ( 2 0

)- Arg (zl .—zo) = Arg (2533, /zl=-zo_).

Clarly, ZQ s <q and %, are collinear 3:\\M
ool e o

if and only if the angle between zozl and 3
ZgRgy is O or w , that is , Arg (zz—zo o
/zl—zo)‘ = 0 or T . This means that m8'7



zz—zo/ Zl‘“zo is real. In all, three distinct points Z, &y and z2

are collinear if and only if 25X, /&, =%, is real.

Now, consider four distinct points Z;

g 2y Zgq and X3 in the complex

plane—.

These four points lie on a circle if
——, S,
and only if /£ (Zo g s lez)—

PRSI %
L(Zozs, 3153)=Ooriﬂ' . Zs
Y — o—
However, / (ZOZZ s zl Zz)

Zz"zo/zz—zl) and Z (zo €3 ’ Z3

= Arg (

—_— - -
Z,%4 ) =Arg ( 24 Zo/za Zl). Thus
the above condition can be written as %

arg (2,—%/2,=2) - Avg (2,=2, /' A

23—51) =0or + ®™ , that is, Arg

(zz_zo/zz_zl, zs—zl/za—z0)=o or + T . This means that
2 ‘5o/zz‘z1 . za_z' /za _zo is real. Hence four distinct points
2 ) 1
ZO " g 52y and 2z 3 are on a circle if and only if Zz—zo/zz—zl
— - is real.
1 2,~2, /2 —2, :

For the above work, we can prove some theorems about circles

and lines in a much easier way. We ijust give one example.

Si
Let four circles S1 A SZ " Ss , and L
54 be given in the complex plane. S1 ﬁ
and S2 intersect at zland W1. 82 and S3

intersect at Sl; intersect at z and
3

Sy, @and 8y intersect at 2, and

=4 a

Since zl ) W2 ’ 32 , and W2 lie on a
circle — i ' —-W/z. —WER...
' & =2 /W2 2,0 W /% — W

sosmwew( 1) - Similariy , zz —zs/WS—za y F'-lg-q
Ws_wz /52 ‘erR """(2)9 63‘—-64/

vwl;_z4 ’ W4~W3/33—W36R‘-'~---(3) y andz4 —zl /Wl""zl, WI—W4/
Zy=W, Jesenss () Gomputdsigs (1)/(2).. (3)/ (%), we get (&) =2,



[ 24=%y 1 2y =2, Fa =2, ) (W <V, /W, W,. W~ W/ W, ~W )& =,

Consequently, 4.~ /za e A Gy B /31 =% is real if and only if
— —_ . - o is real. In other words Z
Wl WZ /W3 VV2 W3 W4/W1 VV4 ; y R ) 2 s

5 0 W3 ’ and W

2z , and 24 lie on a circle if and only if W1 , W s

lie on a circle.

ITI. Topics about Apollonius circle:

Suppose three circles are given in a plane.

We want to find a

circle tangent to each of the three circles simultaneously,

In case

such a circle exists,

it will be called the Apollonius circle of the

three given circles. In special case, the given circle may be a

Refer to

point ( with radius O ) or a line ( with radius oo ),

Figure 10.
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Here, we would use circular inversion transformatiomn to solve

it geometrically.
Let C be a given circle in the plane with

center O and radius 7 . The transformation

of points in the plane Tc: P — p' such

that P' lies on“GP’ and OB.OP' = 72 for those

p ints PZO , and Tc: O — oo ( the point at

infinity), is called a (ciricular)

inversion transformation (wer.t.

the circle C). -The center O is called the

Fig. 4

center of inversion.

~ 38 ~



Clearly, the points inside the qircle will bé transformed intol
pqints outside the circle and vice versa: The points on the circle
remain fixed.

How tb. construct the inversion point by rule and éompass only?

Case (1): P is outsicle a circle C with center O and radius Y-

Draw a circle with center P and radius OP. It

intersects C at R and S.

R

Draw two circles with centers

C

R and S and radii y . They
intersect each othér a P', PRIt
is jus‘t the inversion point of
P. Proof is omitted. You
only want to check O,P, gnd P o
are collinear -and A ORP' =7 F‘-i‘g~12
A rpo. '
Case (2): P is inside a circle C with center O and radius 7y ,
but, the circle with center P and radius ' OF inter-
sects C at two points. The steps and proof is similar

to those of case (1).

Fig.13

Case (3): P is inside a circle with center O and radius y , but,
the circle with center P and radiu§ “OPF doesn't inter-
sect C at two points.

In such case, exteﬁd OP to
some multiple, . say OR = ne

OF ( n € z%), such that R

=RQL ST



is outside C.

Construct the inversion point
R' of R. By rz = OR' .- OR
=K'+ ( 0P ) = (n-TR').-TF
, we see that the point P!

, where OP' = n.OR', is the

inversion point of P.

Fig.14

There is another way of constructing the inversion point.

Case (1):Pis outside a circle C with center O and radius ¥ .

Draw, with rule and compass only
, the two tangent lines of C
through P. The two tangent
points are A and B. Join AB
and OP. The point of inter-
section P' is the inversion

point of P.

To prove this, we just notice

that A OAP ~ A OP'A.

Fig.15

Case (2):P is inside a circle C with cénter O and radius Yy .

Just reverse the steps in case (1).

We're particularly interested in the image

of a circle,

passing through the inversion center O, under the inversion trans-

formation. (:
Draw the diameter of the circle
passing through O with one end point
O. Suppose the other end point is A.
Construct the inversion point A' of

A. Choose any P on the described

~40 ~
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circle. Let p'( be the inversion point of P.
o7 OP' = y%= OR.O&" OF/0K' = OA/O0P' A OPA~AOA'P' . Since /
OPA = 90o no matter where P is, EﬁET is always perpendicular to OA'.
This tells us that the inversion. image of a circle passing through O
is a line not passing though O.

If two circles passing throug and tangenting at O,_then thgir
i;;ersion image are two parallel lines . Why?l)

Now, we turn our attention to the Apollonius problem. Suppose
A, B, and C are three given circles and have an Apollonius circle
D. If the three circles' raclii extend ( or contract ) an amount,

then the new Apollonius circle is just a concentric circle D. We

use this concept and may assume that B and C tangent to each other

at K.

Now, perform an inversion tranformation w.r.t. an arbitrary
circle with center K. B and C will be transformed into two parallel luies
while A into another circle. We can solve the Apollonius problem of
this type and draw the Apollonius circle D'. Refer to figure 19. (

Notice that all these can be done with only rule and compass.)




Under the same inversion transformation, the original Apollonius

circle O can be found.

* * *
References: "What is mathematics?" By Courant and Robins.
ncomple® ‘Numbers Tn Geometry." By I.M. Yaglom.

"Spherical Trigonometry." By K.C. Lee.
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" dur system of education, tends to give children theimpression that every
question has a single answer. This is unfortunate htecause the problems -
they will incounter in later life will generally have an indefinite chapa-
cters. It scems inlportant that during their years of schooling children
should be trained to recognize degrees of uncertainty, to compair their
private quesses and extrapolatiom with wkat actually takes place in -

short, to interpret and become masters of their own uncertainties."
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25+25+25+ 9 4 32
23 92 81+ 9 +1 +1 12
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i B HHER BASIC BRHAR :

n-1 n-1

100 FOR K=1 TO N-1

110 FOR I1=K+1 TO N

120 FOR J=K+1 TO N }

130 LET A(CI ,JJ)=A(C1,J)—-A(CI1I,K)=*=AC(CK,]
) /A(CK ,K)

140 NEXT J

150 NEXT I

160 NEXT K G Pi= )
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10 REM2 —==DELAT ~=~~

20 REM:---DER SHIARNG YEH-——

30 REMs~—~24,12, 70~~~

35 DIM AC10,10)

40 READ N

4% IF N=1000 THEN STOF

60 FOR I=1 TO N

70 FOR J=1 TO N

80 READ A(I,J) . - .

0 FPRINT SPACES(8~-LEN(NUME(A(I,.J))))sA(T,J);
100 NEXT J ’

110 PRINT

120 NEXT I ; )

130 FOR KE=2 TO N .

140.IF A(K-1,K~1)=0 GOSUEB H00

150 FOR I=K TO N :

160 FOR J=kK TO N } )

170 LET ACI,J)=A(I, 1) ~A(I, K=1) ¥A(K~1,J) /A (K~1,K~1)
180 NEXT J

190 NEXT I

200 NEXT K

210 LET B=1

220 FOR I=1 TO N

230 LET B=RXA(I,I)

240 NEXT I

280 PRINT:FPRINT:PRINT "THE VALUE IS";R
285 FRINT:PRINT:PRINT »

£60 60TO 40 ;

'B00 REM: -—-SUBRROUT INE -~~~

S10 FOR L=k TO N

520 IF AWLLE-1) <0 THEN &00

53O NEXT L

F40 PRINT:FPRINT:PRINT “"THE VALUE I8 O"
550 8TOP

&00 FOR M=kE-1 TO N

LET A1, M=/ -1, M+A0 M

NEXT M
RETLURN

DATA T 1,04 140, By 2

DATA 4,5, 2,2,2, 2, Ml W

500 1Ol Oy 2= o500, 201, 00 5y Qe o Fpl O 2010, 2.4

Sl 0.2, 1,0, 5,1, -12,4,2,-1,4,1

DATA S.1,-1,0
DATA 4,1,0,~7
DATA 1000
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8] 3 2
1 9 )

THE VALUE I8 O
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b 2 s
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Xp =an m1 / app

X X

p-1=C8poini1— %p-1 n n )/ any na

x =Ea1n+1 (a5 % +a, Xy A taq, x,) ] /a“
n
B x;, =(a,; - Z a %z 3 [
J Jokl = g gy dE R i

EREXIFBAOT : (PEX—-225#EX8 00~880)

800 LET X(N)=A(N,N+1)/A(CN,N)

810 FOR I=1 TO N-1

820 LET X(N—1)=A(N-1,N+1)

830 FOR J=1 TO 1

840 LET X(N—I)=X(N—=1)—A(N—-1,N=—J+
1)*X(N-J+1)

850 NEXT J

860 LET X(N—I)=X(N—-1I)/A(N—=1,N-1)

870 NEXT I

880 RETURN (P—-2)

He:
800 ;oERthx, EH, REFRERH >, ., , vy 9 ’x
810~820 sBx, o x, L eeex,  BAKBFERE, BAI
=1 TO N-—1,REHEUN-IRE] L%
G CjOMME o) 50,

830 ;;HREk=j4+1, j+2, - , nHTNET=1
TO I ,BUN-J+18Fko
840 ;;HEHIx(Cjl=x(jl)—ACj,k)xx(Ck)

860 ;%x(j)%uAﬁﬁﬁﬁmx(j)ﬁ

880 s RETURN
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BH—-BBRRER - 1 FEECREERERETBER - 210F ¢

10 REM: ~—~DELAT—=—
20 REM:——-DER SHIARNG YEH-—-—--—
F0 REM:~—=24, 12, 70~
40 READ N
S50 DIM A(N,N+1)
60 FOR I=1 TO N
70 FOR J=1 TO N+1
B0 READ A(I,d)
90 NEXT J
100 NEXT I
110 PRINT "THE MATRIX:"
115 PRINT:PRINT
120 GOSUB 1000
130 FOR K=2 TO N
140 IF AK-1,K-1)=0 GOSUR S00
150 FOR I=K TO N
160 FOR J=K TO N+1
170 LET AT, J)=A(I,J)~ALI,K~1) %A (K=1,0) /A k-1, K=1)
180 NEXT J
190 NEXT I
200 NEXT K
210 GOSUR 800
215 PRINT:PRINT
216 FPRINT “"THE SOL:"
220 FOR I=1 TO N
230 PRINT "X"3;MID$ (NUMS (1), 2,105 = "3 X (D)
240 NEXT I
260 END »
500 REM: —~—8UEROUT INE~——
510 FOR L=k TO N
S20 IF A(L,K-1)<30 THEN &00
530 NEXT L
540 PRINT:FPRINT:PRINT "THE VALUE I8 O
550 STOF
600 FOR M=k-1 TO N+1
610 LET AGK=1,M) =A(K~1,M) +A (LM
20 NEXT M
630 RETURN
800 LET X (N)=A(N,N+1) /A(N,N)
810 FOR I=1 TO N-1
820 LET X (N=I)=A(N-I,N+1)
830 FOR J=1 TO I
840 LET X(N-I)=X{(N=I)=A(N=I,N-J+1)¥X (N-J+1)
850 NEXT J
860 LET XAIN-I)=X(N-I)/A(N-I,N-I)
B70 NEXT I
8RO RETURN
1000 FOR I=1 TO N
FRINT ACI, 103 "X1";
FOR J=32 TO N
LET A$=FNAS (AT, T))
ON SGEN(ACI,J))+2 BOTO 1040, 1060, 1060
FRINT "="3As; AT, J) %~13
GOTO 4070
FRINT "+";A®3A(1,J) 3
FRINT “X";MID& (NUM$ () .2, 1) 3
1080 NEXT J
1090 PRINT "="3;FNAS(A(IN+1))5A(I,N+1)

~ 84 ~



1100 NEXT I
1110 RETURN
1120 DEF FNA$ (X)=8FACE$ (S-LEN(NUM%$ (X)))
2000 DATA 3,3,4,-1,0,2,7,1,9,1,-2,-4,-2

THE MATRIX:

I X1+ 4 X2- 1 X3= 0
2 X1+ 7 X2+ 1 X3= 9
1 X1~ 2 X2~ 4 X3= -2
THE SO0L::

Xi= —-4,51613
Xa= 2.87096
X3= -2.06431

EIBR1000~1110RRAMEHDHBRVAMRXE. 1120
DEF FNAS$(X)BRMBEARZAUEHDHBRBE MK » A XPhTE
FuRB

215~240KKME, ASHHY, , xy = @

#2000 DATA EBHE. THESA-—WMILFEMAZEWT :

2000 DATA 4,3,4,-1,-1,0,1,-1,1,1,1,1,-2,1,0,-1,3,0,1,-1,2,

" THE MATRIX:

X2~

I X1+ 4 1 X3E~ 1 X4= " O
1 X1~ 1 X2+ 1 X3+ 1 X4= 1
1 X1~ 2 X2+ 1 X3+ O X4= -1
I X1+ O X2+ 1 XE- 1 X4= 2

THE S0L:

Xi= -2

L X2= o3

X3I= 7

X4= =1

BRA- 2 RFRRENES EERIBEEUERFRE N ; FLER RS
MBS, BRA-2RWASRN (KBL, BR-2RZERWN) oA, —REM
BEBENFREEFAR, MVITS G LBMOBTRER2 » WTHER
1.9999982 00001 ;Fb. FARENHEMEFAEHS R
cMETHERIFEEAMS :

x, + ) Xy = 2
x; +1.00001 x3 = 2,00001
85



HBREx =%, =1,
*1 + x2=
X, + 1.00001 Xy = 1.99999

ﬂﬁ%x:l::;-’ x2 —‘_-"10
AERMGERIRZ > +1.00001 x, =2, AIAFHER 2. 00001

HAREMER 2.00001 HEARER 1.99999 MBS ENFTIEHNEEMEER
BRT -BUTHEZ:
x;, +x9 =3
e et

L 2

BRREMEIREFERLI +2, 2>0, MELRAER:

o
B
fin
x®
Il
X
+
|
&
x®
1

1—%z,%z#%¢%,%@

¥ =2,x, =1 RESEEZHEc  TRSEEHARLLI

Al
x +x =3x 10

x —~x_ =(142)10"

HR x =(2+%z)1010, x2=(1—%z)101°,%zﬁéi§5

6

107 mm CEERERAT) | MBS, B r, ZESHEREXSD -

4

10 = 5000 ; LEMBELERERBMBRINRE . STETENREZEKX
RTERZRENE/D . BERMEETENGA T :
BEA=5 PIfREfE 4.99999
B =2 PIREME 1.99999



4LA, BERLE100 ., REWE
100/A = 20,0004 EfHEE 20
100/B = 50.0025 - IEfM@E 50

MEKR0.0004 B 0,0025 ; FrolilE —kih : RBAK . M@z o
FEER—25, BMA(K—1,K—-1)8KE.,. EALERMA ( K-
1,K—1)A%K.EACK—-1 ,K—1)kK/8E, THEERBANHEZE - H
B, THEACK-1,K- 1) Z@HESKA - EXLWHED . RMEBHR
BACK=—1,K—1)UTENERAZKA (L, K~ 1) FEFAMESK —
17l c EREMEEACK—1, K~ 1) ZBHEBA . Bih » RFAEZEEA (
L,K—1)HA(K—-I,K—-1)ZEAME EWERNK . WEREHLF
Fhl— I MESK— 15, EMERR PEEEESLAMESK— 1 FIET o

ETER-3RBER- 2 BUBNFHER . KFTAMNME L :

EBR

170 ;#\EHKRA(CK—-1,K—-1)2EEM,. HELEIABEREFT o

BER

505~530 ;HHMACK—-1,K—-1)MTHBUESAZE-
590 ;&HA(K-=1,K—1)BEA(CKI],K—1) R

S=1,K/Als==1o
610 ;ER.E5s=1 RRKHEKIFIMESK— 1510
S=—1RTHEK 1FIRY—- 1 BENES
K= 130
(BR-3)

10 REMs ——=DELAT i o i |
20 REM:~—--DER SHIARNG YEH--—-!
IO REMz ——=71,03, 01 ——m—mmmm
35 DIM AC10,11)

40 READ N

45 IF N=100 THEN STOF

&0 FOR I=1 TO N

70 FOR J=1 TO N+1

80 READ A(I,J)

90 NEXT J

100 NEXT I

105 PRINT:FPRINT: PRINT

110 PRINT "THE MATRIX:"

115 PRINT:PRINT

120 GOSUR 1000

130 FOR k=2 TO N



140 GOSUR 500

150 FOR -I=K TO N

160 FOR J=K TO N+t

170 LET A(I,d)=A(I,d) -ACI,K-1) %A (K1, I /A (=1 K-1)
“180 NEXT J

190 NEXT I

200 NEXT K

210 GOSUR BOO |

215 PRINT:PRINT

216 PRINT "THE SOL:"

220 FOR I=1 TO N
T 230 PRINT "X"3MID® (NUM$(I),2,1)5"= ";X(I)
240 NEXT I . '

260 GOTO 40

500 REM: ———SUBROUT INE———
505 LET G=ARS (A (K-1,K-1))

510 FOR L=K TO N

515 LET G1=ARS (A(L,K-1))

520 IF G136 THEN G=G1:ki=L

530 NEXT L

535 IF B<>0 THEN 590

540 PRINT:PRINT:PRINT "NO S.F. SOL"

550 STOP : ’

590 LET . S=86N (A (K-1,K-1) %A (K1,K~1))

600 FOR M=k-1 TO N+1 s .

610 LET AGK-1,M) =A(K—1,M) +SXA (K1, M)

620 NEXT M

530 RETURN

800 LET X (N)=A(N,N+1) /A (N,N)

810 FOR I=1 TO.N-1 - ;
820 LET X(N-I)=A(N-I,N+1)

830 FOR J=1 TO I

840 LET X{(N-I)=X(N- 1) —A(N-T,N- J+1) KX (N- J+1)
850 NEXT J

860 LET X (N-T)=X(N—T) /A (K= I,N-1)

870 NEXT 1

880 RETURN

1000 FOR I=1 TO N

FO10 PRINT ACI,1)z"X1";

1020 FOR J=2 TO N

1025 LET A$=FNA$(A(I,J))

1030 ON BGN(A(I,J))+2 GOTO 1040, 1060, 1060
1040 PRINT "-"3A$;A(I,J) x—13

1050 GOTO $070

1060 FPRINT "+";A%$;A(I,d);

1070 PRINT "X"3MID® (NUM$(J),2,1) 3

1080 NEXT J

1090 PRINT "="3FNA$ (A(I,N+1))3A (I, N+1)
1100 NEXT I :

1110 RETURN

1120 DEF FNAS$ (X)=SPACES (10-LEN (NUM$ (X)))
2010 DATA 2,1,1,2,1,1.00001,2.00001 7
2020 DATA 2,1,1,2,1,1.00001,1.99999

2030 DATA 2,1,1,2,1,1.00001, 1.99990

2040 DATA 3,3,8,-1,0,2,7,1,9,1,-2,-4,-2 o
2050 DATA 4,3,4,-1,-1,0,1,-1,1,1,1,1,-2,1,0,-1,3,0;1,-1,2
2060 DATA 100 - ' .

~ 88 ~



THE MATRIX:

1 X1+ 1 x2=
1 X1+  1.00001 'X2=

THE SOL: -
X1=, 1.02439
X2= .97561

THE MATRIX:

1 X1+ - 1 2=
1 X1+  1.00001 X2=

‘THE S0L.:
~X1=  3,07317
X2= —-1.07317

THE MATRIX:

1 X1+, 1 X2=
1 X1+ 1.00001 X2=

THE SOL:

X1= 12.2439

X2= ~10, 2439

THE MATRIX:
I X1+ 4 X2
2 Xi+ 7 X2+
1 %=, 2 x2-

THE 80L:

Xi= —-4,.31613
X2= 2.87096
X3= -2.06451

2. 00001

-

1.99999

L9999

A 89 ~




THE MATRIX:

)
3 X1+ 4 X2- L As- b iﬁ: S
1 Xi- 1 X2+ 1 X3+ L 1= 2
1 X1~ 2 X2+ 1XE+ t o 2
T X1+ O X2+ 1 X3~ 1 X4= )
THE S0L:
X1z -2
x2= 3
X3= 7
X4= ~1

ﬁm.aﬁﬁﬁémﬂﬁmhﬁﬁﬁﬁ—1%*&—%@2&%@:@&%-
RGEAE—TIRE, ARG TREBEN—ERE ; BRRAO( G- 1IBAZ—
fEfE o

G B ke 71 I .
By Buy mudonn B 0 1 scmmtns 0
“ 4 I I
I i I I | i
| 1IN
I I i I 1 0
Ay, Guy mmm--= 8, 0 0 ==~asl ] (G—-9)

KMEREB(GC -9 ) EEMMELEE , HENBAMES LS EERA —H
fr4EfE , RIS ZEMERR(G—9 ) AMEEZ REMT o REIF (6 —-9)
HREM T ZHRK :

1l 0= == =isnis 0 byy byg----- b,
. = S 0 621 622 ----- bzn
I |\\\ I : | :
1 | I
I 1 \\\ | : |I |I
| | 1 1
I I S ) | |
P b 0 bll blZ ----- bnn ( G—' 10)
Al
11 D1z by, a7 Gy ----- ain
sww Bie a Aoy oo . a
by bag b on s 21 22 Gon| o
| ! S ! I S (]
) : ke ! I | N
b [ l SN :
bnl bllZ--- nn anl anz ----- aml



ERA- 19, EAEREHARUTZTRETRAR O , IUEREEM
(P—1)2ZWK MESEREMBE S , T A H G 6 B 40688 5k B (740 0
AN ERSEEHRARUTZORETERO0 . EHARMUEZETRAFEE0. H
. BDARKCP - 1) ZBABEERNOT :

160 FOR K=2 TO N+1

170 1F A(K—1,K—1)=0 GOSUB 420
180 FOR I=1 TO N

190 IF 1=K—1 THEN 270

200 LET D=AC(CI,K~-1)

210 FOR J=1 TO N

220 LET B(CI,J)=B(I,J)-B(K-—1,17)

«D/A(CK—-1, K—1)
230 LET ACI,J)=A(CI,J)—ACkKk=1,7)
*+D/A(K—=1, K—1)

260 NEXT ]

270 NEXT I

300 NEXT K (P—-3)
Hep e

180 ;NEHE—FIMHEE. FMLI=1 TO No
190 ;f1=Kk—1,88a, , A%, FEEH-

200 ;REAEEER, ACT,K—1)@%E . @LESAD=A
(1,K—1) BMEEEACT, K—1) ZfHo
210 ;RAHFE-—THE.FUI=1 TO No
220~230 ; BAEGESBEMLEE, RERAEEKASBRIEo-
%160~300 HMLEHHFRE, HEZEEMOT

\
a 0---=--- b me---- b
11 0\ g 11 1.2 in
\\ : bJ b # b ’
~ L S R (S R
0 22 N 21 22 2n
I NS 1 | [BEEN |
| N N\ N
N 5. 4 | | N !
! RN I I RN I
A N SR ’ ’ Ny '
0cccmammameis Gaal an By eiims Vpd  G=ild 3



B @G BRI 2 MR, . 8 AIZEGR b ;; % TES (G- 10
) 2 o

CIE

310 FOR I=1 TO N

320 FOR J=1 TO N

330 LET B(1,J)=B{L1,37)/AC1,1)

340 NEXT .J '

3560 LET A(I,I)=1

360 NEXT 1

w

30 ;HFBHEEHIZFZFHRUACTI, I)
350 ;HAMMBRENABARCTRER0 . .FHURASACTI, 1)
=18T,.@ABA(CI , 1) /A(CI,I1)=1o
REER— L EBEREHT AR~z REM . BRRER - 4T :

10 REMz ~~—DELAT—~~

20 REM:—~~~DER SHIARNG YEH--—-

30 REM:~—-—24,12,70-——

40 LET E=, 0001

50 DEF FNAS (X) =SFACE$ (10-LEN (NUMS (X))
&0 READ N i
70 DIM ACNLN) (BIN,N)

80 FOR I=1 TO N

90 FOR J=1 TO N

100 READ A(I,I)

110 LET R(I,J)=0

120 NEXT J

130 LET B(I,I)=1

140 NEXT I -

150 GOSUR S20

160 FOR K=2 TO N+1

170 IF Alk-1,k-1)=0 GOSUR 420

180 FOR I=1 TO N

190 IF I=k-1 THEN 270

200 LET D=A(I,k-1)

210 FOR J=1 TO N

220 LET B(I,J)=R(I.J)~BE(~1,0)%D/A(K~-1,kK-1)
230 LET A(I,J)=ACI,J)~-A(K-1,3)XD/A(K-1,K~-1)
240 IF ARS(A(I,J))<=E THEN A(I,J)=0
250 IF ARS(R(I,I))<=E THEN R(I,J)=0
260 NEXT I

270 NEXT I

280 PRINT:PRINT:FRINT

290 GOSUR 520

EZO0 NEXT K .

310 FOR I=1 TO N

E20 FOR J=1 TO N

330 LET B(I,J)=R(I,J)/A(I,I)



340
350
A0
370
80
390
400
410
420
430
440
450
460
470
480
490
S5O0
510
H20
H530
540
S50
H60
570
580
590
&HO0

610

620
&30

-0

D

NEXT J
LET A(I,1)=1

NEXT I

PRINT: PRINT: PRINT

FRINT TAR(1OXN+5) 3 " INVERS"
FRINT

GAOSUR =20

END

REM: ———SUBROUT INE~—-

FOR L=k TO N

IF AL, K=1)<30 THEN 480
NEXT L

FRINT: PRINT: FRINT "NOT EXIST"
STOF

FOR M=k-1 TO N

LET A(K=1,M) =A(K=1,M) +A(L, M)
NEXT M

RETURN

FOR I=1TO N

FOR J=1 TO N

FRINT FNA%(A(I,J))3ACI,0);
NEXT J

FRINT SFACE$ (5) 3

FOR J=1 TO N

PRINT FNA$(B(I,J))sR(I,d);
NEXT 4

FRINT

NEXT I

RETURN

DATA ‘3,3,4,-1,0,2,7,1,9,1,

. e | 1

2 7/ O

2 1 Q

i -1 ot

. 2 b g Q
7. bbbbS 1. 33353 > ey BARE

(4]

O

]

Q =1 & 1

2/ A O

0 ~25.5 - ZAIIIT

0 Q- - 1.,19607

2 o -, 01503

0 255 -, 333ZZ3
=

~3.83333

. 254902
-. 052287

-3.83333F |

-.588235
. 274509
1



INVERS

A AR AR R

INVERS
. 398692

-« Q45751
~O1E071

BXd
80~1140

160~300
240~250

290

420~510

520~620

Q. . 3PBLP2 o C;84C?é>7 -« 196078

Q -. 045751 ~,s026147% « L3754

1 Q13071 150326 -~.059215
0B494LT7 -, 1946078
= 026147 « 1E7254

130326 -.039215

s A AN, AIRRYL —BEEESB o

;fEA, BZEBAETHE

EEEE L GREME . (H8BASICES
TEEAES U2 I . = —5 81 /3 . BIBL0.333333
RT REME THI E2B/E) o TUABNEEE
ACI,J) B B(I,J) Z@HBEHE/D
B.ESACT,T) & B(I,J) ROoo

; REEHE K. BEHEOKA . BEABEH , DER
TRIfEEE o
yEER-1Z2280~36 0FIER . IAANE . &
Kl AZFIABER R, HREEEREE o

;R ABE M A SR B 4ERE TR o

&, AMBMEONHL S EM 2@k WEGRRERE—®& . 8% ( 6 -

8 ) HALRL ¢

0 ~=~==---0 a5 ne1
a ’ \\ ) I o ’
22 \\ I 2 n+l
N\ S ! |
N \\ I i
N
S d I
3 |
S0a/ } €G—13)
""""" o % none1 -



ZHA . (RERATMRREM —@ o0 —KZRET) | RIE A T 5 sk

’

i
=a a X = a » cesses = 4
1 1o 1y s %, Tynr [ agy " T8 o 8y,

X

CHTUMER - 48K, FARS—RMUFEEZRNFERMT : (BR
-5)

10 REMg =~DEL AT~

20 REM:———DER SHIARNG YEH-—-—-—
FO REMg —~—~24, 12, 70

5 DIM AC10,11)

40 READ N

4% IF N=100 THEN STOF

&0 FOR Is=1 TO N

70 FOR JI=1 TO N+1

80 READ A, D)

90 NEXT J

100 NEXT I

105 PRINT:PRINT: PRINT

110 PRINT "THE MATRIX:"
115 PRINT: FRINT

120 GOSUER 1000

130 FOR E=2 TO N

140 BOSUER S00

150 FOR I=K TO N-

160 FOR J=k TO N+1

170 LET ACI, D =A(I, D ~A(I, K~1) %A -1,1) /A (H-1,k~-1)
180 NEXT J

190, NEXT I

200 NEXT K

210 GOSUR 80O

215 PRINT:FRINT

2146 FRINT "THE SOL:"

220 FOR I=1 TO N

2Z0 FRINT "X";MIDS (NUMS$ (1), 2, 1)5"= "3X(I)
240 NEXT I

260 GOTO 40

500 REM: ———~SUEROUT INE -~~~
505 LET G=ARS (A (K—-1,K-1))
510 FOR L=k TO N

515 LET G1=AKS (AL, kK-1))
520 IF G136 THEN G=@G1:kil=l

FRINT: FRINT: FRINT "NO S.P. s0L"

NEA K~ K10 %A 0, K1)
1 TO N+1 .
L g MY A B L, M SR (LMD

TURN

800 LET X (N)=A(N,N+1) /A (NN

810 FOR I=1 TOQ N-1

820 LET X(N-I)=A{N-1,MN+1}

£ FOR J=1 T 1

840 LET XAIN-I)=X(N-T)=AiN-T,H-J+1) %X (N-T+1)

RO 5



850 NEXT J
860 LET X (N-I)=X(N-I)/A(N-I,N~1)

870 NEXT I

880 RETURN

1000 FOR I=1 TO N

1010 FPRINT AT, 1)3"X1";

1020 FOR J=2 TQ N

1025 LET A$=FNAS(A(I,0))

1030 ON SGN(ACTL, D)) +2 GOTO 1040, 1060, 1060

1040 FRINT "—":A$3A(I,J) %13

1050 GOTO 1070

10460 FRINT "+"3A%3A (T, 0

1O70 PRINT "XY3MIDS (NUMS (J) ,2,1)

1080 NEXT J :

1090 FRINT "=":FNA% (AT N+1)) s AT, N+1)

1100 NEXT 1

1110 RETURN

1120 DEF FNA$ (X) =SFACES (9-LEN (NUM$ (X)) )

2010 DATA 2,1,1.,2,1,1.00001,2.00001

2020 DATA 2.1,1.2,1,1.00001,1.99999

2030 DATA 2,1,1,2,1,1.00001,1.99990

2040 DATA 3,3,48,~1,0,2,7,1,9,1,~2,~4,-2

2050 DATA Gy =h = g Oy Lyl g lglslydy=2,1,0,=1,3,041,=1,
20460 DATA

THE MATRIX:

-

1 X1+ 1 X2= 2
1 X1+ 1.00001 XZ= 2,00001

THE S0L.=
Xl= 1.02439
X2= ,97561

THE MATRIX:

-

1 X1+ 1 X2 2
2= 1.99999

1 X1+ 1.00001

X
X

THE S0L.:
X1= E.07317
2= ~1.07317

THE MATRIX:

-

1 X1+ X2= &
1 X1+ 1.00001 X2= 11,9999

-



THE S0L.:
Xi= 12.2439
X2= —10.2439

THE MATRIX:

I OX1+ 4 Xpe 1 X3= 0
2 X1+ 7 X2+ 1 X3="- g
1 Xi- B OKPe v 5l
THE S0L:
X1= —-4.51&13
X2= 2.8709&
X3I= -2.06451
FHE MATRIX:
3 X1+ 4 Xp- 1 XE~ 1 X4= 0
1 X1- 1 X2+ 1 XI+ 1 X4= 1
1 ¥~ 2 X2+ 1 X3+ QO X4= -1
I X1+ 0 X2+ 1 X3~ 1 X4= 2

THE S0L:

X1= «3
X2= R
3= 7
X4= -1
gq:’ln

310~ 360 ;HELUAH®
1000~1110 ;;ABR-3ZEER10002~1110-

(2F8%)] :

f
L NOBLE, BEN: applied Jinear algebra, Prentice-Hall, Inc,

1969 o



R HIA . 15 AC BB T RO O G A A — R T R D IS
SARBS BHES S BF AL S BAERKE o RPRBIEHNARIERNE o
ERTEMRE . ROEAARKE L . AKOA B—LRBOERES o
BYDEL &

B bH 1458 PR AT BB (& — L/ AU B ( Groups ) , B ( Rings ) BE
ERMEE [RY | —FAEFAHER. AEETHE . RMGESBIE (Fields
) » &2 ( Vector spaces ) , f ( Modules ) , 88 ( Algebras
)&, MREEHASERBVBZEH . ik, TEHRMEMRLAB2HhK
To _

KL, ABRPOREARFHORAFT cR@ A ZVEEH . MLBRHR
— B % 2 E LB

()46 1A B o2 £ 08 R

EiL, KMBELTR—ERET WA ““5EE (Binary obera—
tion )’ o
i ESB—JFEZeE, BEBREK ¢ . o

x1 SxS—S TESx Ss={(8,,5,)]5,,5,5 } RESZERK
HIE “+” BS k2wl o
<19 ]~



TE AR S E AR
()48 ( Semigroups )

WE: SR—FEE, AREER__TEE “ " WR
(i)Ve, bes , axbes CCHBE%E)D
(ii) Va , b, ceS, ax(bxc)=(a%b)x*c (HEea8)
_ I CS,*x YR—4Ho
Bl: (z,+);(2,);(Q,+);(Q;5:); (R, +)5(R, )
ERPH o
(28 ( Groups )
EE: GR—JEE
ECHEE—"TEE “+” W o
(i) (G, *)BeLo

(ii)_H_e;G' > e ¥ e=¢ % a=a VafG(ﬁﬁZfG%j
(iii) Ve eG, Jdec >
a *a-1= a-l* a=¢e (EEE)

Bl (G, * ) BBR—F8 o
EHE:EGE -, BV ¢beG
a *x b=D>b *xa ( A E) .
Al (G, » ) BA—LHAH ( commutative. groups )
#l:4ac= {(Z g)]ad—‘bc=\=0; a,b.,\c,d,eR}
EE—ZTEE " MT
al b a b2 a, a2+blc2’ _c1a2+d1c2

Mot Py« )
< dl <, d2 Ta; by4 bld2 c; b2+ dld2

B, “+ WESASRHML
A )
BE1=Cy ) I1HBGZHEMTE -

d 4}

ad—bc ad—bc a b -
_c T Y ZRTR

ad=bc ad—be c d

B(OG, » )B—F , ALFTHRE o



G: C(R— {0}, )
Heh “.” BEAECREEE , RREBE o
B(R—- {0}, « )R—KTHH
1B8HEMTR
VTER,%%EGG%

Ei: (G s ¥ )ﬁ_‘ﬁ%
df¥HCG , H(H ,* ) B ‘
Al (H,*)BRGZ—FH ( Subgroups )

mE: (H,*)B (G, *) 2—F&, A
a* H=H *xa , VecetG

( i.e. axhxa €H , VaeG, heH)

HIE (H,« )B (G,*x)Z—1FE#H FE ( Normal Subgroups )

fl: (R= {0}, )R—8, 8l
(Q- {0} , IBRZ-ERTH, AP QRAENRE

EE: (G,*)B—F
(H, * )REZ—LEHRTH
4G/H= {axH|aeG } H
V exH,bs*HeG/H
(a*H)* (b*xH)=(axb)*H
BB (G/H, » ) BCZ—a

Fl: @)= {3m|mez }
(2, +)B—8, IOBL 2~ ERATH
248 = {1 , 143 , zﬂm}ﬁ(z,+)z—ﬁ%

3)E ( Ring )
EE: RAR—FLE, EREERE-_ME_TEE, “+” , “-" HHVa,b,
f c € R o

~100 ~



DR, +) R—KHREH -

(ii) @ + b €R

(Ti) @ o (D v e J=C &b o

(iv) a+ (b4+c)=a +«b+4+a-.c
«(b+c)-a=b-a+c-.a

H(R,+,- ) BR—ELE

AT, BEA ST RN, RRCETROFEEFIATNEES , LR
(R4 ) BWREREHS , AR

qeeR > VaeR=a.e=¢€¢ .a=a

EE:ECR, +, - )B—HE, AWE
Va, heR a+b=b.a
Bl (R, +, - YEBR—RHBE ( Commutative rings )

Bl: 4EBTABNTROES
BE ‘47, “." BEREZMEREE
HIR B2 — @R 2E

fl: S0 BTHATRTRZES -
“pr e HEA |
BIR 7R — B, 9% 0 B 96 7R R B

EE: (R4, ) B
(L+ )RR, +)Z2—TF#, B
Va eAI s, 7 €R
ssrel Lreiery
Al1 SR2AE (Z£)BEBEFB (Right—ideals ( Left—ideals))

fliR=2, H(Zy +, ) B8

41={@, @, (4, (61}
AIBRzZ—EETFE

>101.>



£T ideals, RMTLEEERMT
#&: (R, +, - )R8
IBSRZ2—EBHETE
4R/1={ae + 1] aeR}
A(e+1)+(b+I.)=Ca+Db)+1
Ca+1)-Cb+1)ha- b+1
BIR/IB— R ZME ( Quotient rings )

Bl: (zZ,%, - d)PHh—8,EhREHE
@)= {3mimez } Bz 2—BETFH
Bz/@)={@, 1+6), 2+@) } Rzz—EE

4)88 ( Fields )
BE:E(F,+, - )R—KEE, B

()de€eR # a.e=¢.a=0a VacF
(ii)VeeF, dalerF >

S{l sl

a e« a = a = e

S

(=2

(iii) Va , beF, a+ b= . a
A (F ,+, - )R—#@ (Fields)

MEESETM, (F,+, ) R-BIAEGRER
W(F,+, - )B—®H&®, 8
(ii) (F= {0}, <) R—TB#

gl: RBEHE,AN(R- {0}, +, - YRC-®
“rT TVREZMNE, ‘.7 DEEIRE

BT 3 140 22 25— LK A0 AR BB
(5)R —# ( R — Modules )
"EH: (R,+, - DR—FEAER
ME—JFZEE , B
DM, +)RB—BHE
~102~



(ii) VyeR,meM =7y .meM
(iii)Va,beM, r,s e R
vy - (a+4+b)=y-a+y7y-+>b
re(8ca)y=(r.s)-8
(r+%).a:r.a+s.a
BEBMEHRREZ—H ( Modules )

%:(ZQ'F;')%—‘ﬁ%ﬁy Z%ﬁ&%
(z,+)R—XHE, AWMERLRESR
WZRHHERFZ—HK

(6)FA & 22 ( Vector spaces )
CE:E(V, +) BB
(F,+', «")R—#, HEE
(i) VveV,aeF=a.veyV
(i) v, weV, a.feF
a- (v+w)=a -v+a.uw
(a+’" B) -v=a- -v+8-v
(a ' ﬂ)b:a.(ﬂ.p)
(iii) e-v=v HbeRFIREALTR
HIFE VEMMKF EZ2—ME&2%2M ( Vector spaces )

@: (R— {0}, +,  )B—t8
Bl (R— {0}, +, - ) BHREASZ— (B2

(ME ( Algebra )
EE: (A, +, - )B—#HaH
EABHRF ZER2EM, AWE
Va,beA, acF
" a(eb)=(aa)b=a (ab)
HIG A S M F 28 &R IK

~103~



EEsEAEH (aa) (fb)=(af) (ab) Va,bea, a,
BeFRAMMES, EEENVHAZEERIAMT
%a(ab)g(aa)bga(ab)ﬁﬂ

(ae)(Bb)=F((aa) (b)) by ®

=B (a(ab)) by @
=(pfa)(ab)
=(ap) (ab)
%(aa)(ﬂb)é(a,@)(ab) Ll
Ma=e¢= a(Pb)=B(ab) ¢BFhZREALTE
B=e= (aa)b=a(ab)
ita (ab)=a(ab)=(aa)b

#: (R=— {0} ,+, «- )BHEREARFZ—REZH
AVa,b,c,derR— {0}
(ab)(cd)=C(ac)(bd)

WR— {0} BMNREREZE&REK

RAREh, ERALIRESAESH, IBESESARE , UTR
MEBRELEROANESR
H=EEARB ( Lie algebras ) _
EE: (A, +, - ) B F 2R AR
ﬂ(i)Vﬁ,beA a.a=a% =0 ( ives ab=—ba )

(ii) V:ia ;,b,c €A (ab)c+(bc)at+ (ca)=0

. ‘ (Jacobi &R )
ABABS—FEAK

Ol : ERSEBRMPER , SHBEZER “X” W —-FERK

E)#f%H A8 ( Boolean algebras )

% BR—FuE
ERXEEE-E-TER A7, vV AWE
(DeaVb=bVae;aAb=bAa Va,beB

~ 104 ~



(ii)aV(bAc)=(C(aVb)A(aVec)

caA(bVec)=(CaAb)Vv(aAc) Va,b,c €B
(iii) 40 € B aV0=a V ea€B

d41€B . e Al =a
(iv)VaeB,da' €eB 3>
a'Ya':l;aAa'=0
A& (B, V,A) ﬁ—ﬁEﬁK(Boolean algebras )

Gl: OSEEHE, P(Q)={A]lACQ}
B(PCQ), U, N)B—mE/RK-

(Ejjordan iv 4
EE:EHE(I,+, « )RHMRFLEZ-FRERK
B@Vae,bel] ab="ba

(ii)Vae,bel ( a’b )Ya=4d%(ba)
BIE ] SR FEZ— Jordan R
Bl (R—‘{O} » +, « JEARR Jordan R, AES—E&/AK -

MEFRABZAKREREHLEEYE , BU—-SkEVEROT

Semigroups
joups
subgroups
‘ ///Bings_\_\~55:fodulés ;é%mal Subgroups
Commutative ring;f\\ eils [F‘eld O:Etient groups
////iicfg% ﬁZces

Quotiént rings

. Algebras

BEEH :
WOEHABZAE; RKELE
(2) Topics In Algebra ;bi.n. herstein !iﬁ

@) .Abstract And Linear Algebra ; Burton,

~105 ~



HE Z R 8.
& =% EAL

EREAFERUKEEERNEAE— HAT o £ "HNEE: ER=%
B BiEAs, —EHEISH "rR—EHEE ( transcendental number )’
EERTERNBRED , HNEZ "z 2HAERT WHEFE, FELETHSE
B=A#E, —— SEMNE - BEE “r BERY ZMEEREYR , T
FENRWIER MR, BRECEBTHEKME 48 - Vieta » Wallis ~Cregory
« Buler s SAZFE, cEETERASBOETET , ABFEBLERTE, &
WHEET «~ BEBNET - SHALBRERERE, THEZ2NBRT 21
FAME o S AE “HEME WA  BERSE - WERERET o o

—  EEERRFEBEEON ERERINFAERE = 2 ELED o

HA=RERr 2EAE '
B=4&Ar 2ENAEE » #HEAR
C=9ERr ZEMNDE BHEE

KAE B<A<C

. A=2xn¢

~ 106~



B=2nr.sinf
C=2nr tand Hpo=L

D 2ny sin 0< 2 x'r<2ny tan @

D lisinﬂ <m <ntant

BISHEEXRZ n @B MEK X
D 2%z sin ¢ 04 ) <z <2 tan (f40)
o 23 2asin ¢ Uy = i pn tan (Op0) =
WEBE—n {6 , 6 EHBEB M
fE—AH KN KB RSB 7 23E Ll fEo
WK R SRS,
% 7 LB E96 8% , BT

10 d
37—1 <7t<37

018 B B 4oL

o

Ay

. 2 ) ‘
T =

BT 1593 & , EHRER Vieta FIAEZE? SVRE 2, 8HHE
EEERE , MREW o SAERES L8 — @A —H e BUEE R
WRAKETR , TALETRAOEBBEH ELRERAN - ARBERE o ZF
B

BA() ZLRBr WEZAEE  @VEX

P
—e.t nr’sin2f (Hpp=2) A
2 I A Y

=nr?’cosfB sinp

107~



FEAEA(2r) =nr"sin B
ACn) _nr’sinpcosp

DXy arsin B PR ﬂ»
A (2n) B
FE Ag n) L 2
EaEE Witk 8 _
ACn) __A(n)  AQ2n) . ... 3 AC2 R
AC25n) = A@n) " A(4n) S AC2ER)
_? B B cos B
=Cos B Cos-é— Cos»zz | Cos 75T
% g A ()=
-;—n sin 28
B T = ;
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REMEARZUE , SENSGSRABLEEL00 B - BESK AT EMM A& ETHE
830 5 K FI IEDE 2
BMEMEAEME, SEBEERBURBNER . 948, b, BRELRES
BIR 5, , %2, %, IBRP
HwEME
(@) 2% + X2 +4 = 1000 /%
(A E 8D 2%, +2%,+ x5 < 1600 @
CERE AR D *; < 400 @
sk Max P=2.0x,+ 1L6x, + 1.2 x,

BR =20, %20, % =20
RERMABEAZRKE-FRBAWEEZRPT | BERKMBERBHFHOR
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B 25, + %, + %, £ 1000 , AAKERENBRMEZ 1000, FLUAE— 558G
BRSNS, 018 26, + %+ X+ S, = 1000 o W , HE A R 4 7K KRS
2%,4+2%, +% +S; = 1600 x,+S;, =400 o Hh S, ELBWHKAKEE , S, &%
BHEREARRK o (5,,S; ,S;, BREMBE (slack variable) )

RE, RELEMERRA :

2%, + %, +x;+8, =1000 (1)
2%, +2%,+x5 +8. = 1600 (2)
X, +8s = 400 @3)
KMax P, P-2.0x, —1.6%,-1-2 x5 =0 4)

%20, %20 ,%, 20,8 =20,s5,=20, 520

ARBFAEBARAFE , RRFEREER~, o TE » WHE ; HEBHRDEZ
W oA, RAERAEAHES , RAREJEA Bk x, BTE M« &
B—@ , FIFEsE NS 200 oHx, RATLIR 400 , RBEFMBTEK x, WA 200
BRMRE «, AE—BFERA, MEREHFBARNE », ANDEHE - REKRM
ERREHFERG) , MEHD, @, @hzx, H RERMABAFHSFEES:

X +% 4+,  —28, =200 (1)

2x, 4%, 4 .—25, = 800 2

X, + S; = 400 3)
P-16x,—1.2x, +28, =[800] - @

S BRWRMRTLUEL , % P = R 8, =0, %, =0, x,=0 RREL
P= MEHE x =400, x,=0, % =0,5,=200,S,=800,5,=0
EREFBIRBER D, WA GRS E 5 R, o RERMEAS K 5. o HHE
ROBRMBL , % x. =200 , x,=0,S,=0,5,=0 REXRFAEZEZHFERXW,T
W EH BRAH © TR o

BXEBEAHNAFEMAR :
Ko ¥ X5 8y —25¢ = 200 (1)
— x5y — 25,45, +2s, = 400 @
X, +ss = 400 3)
P +0.4x,+165, —1.25, = [1120] ' @)

 BFEREFREES o AR , RARKFBRQBRE , MRRFMs. =0 K, 5 1R
~400 | ERBERBT TRAFME[$7720 & 2 ¥RFE -EBRAMLHER @
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hRBEE ST, EE RF— LB , IR s 40 BIE — BB MBI
BeERIM M BAS200 (AFBERQBEHN ) '
RERFREFEAQMERLEFERE s AREE , & EXE3THO S EM
=T

x5 -5, +5, = 600

—0.5%x5~5, +0.55, +s5; = 200

x;, +0.5x;+s, —0.J5s, =200
P -0.2x, +0.45,+06s, = |1360] .

ERENEBEEE s, =200 ,5,=0,5,=0,% =0, x;=600, x,=200
ERLEUIAREER , ABRFERQOEHH , mERN~HEE, IEEGgHE
meRE, ZEFARESFERQ) , MEREHFERNFE », HBEE, RE:

X5 T = 600
Xy + 5, = 400
2%, +x;,+ 25, —5; =400

P+ 0.4x,40.85,40.4s5, =|1440

ERAMERATLUEELRRERT , ARABFERWRE~BREAET , ME
B R R %, = 400 |, %, =600 , x,=0 , 5,=0 , :=0, s5=400 , HKF
BEERRG6IOX $§1-6+400% $1.2=81440 T - BRECEUHEBRRET , H
BMBLER M T

# B ( Using the computer 3 .
RFEKEE—LHEMZERMET , BREERSESABN HERT AN M

o EMBAEEBRBRPNRETHEDHENRK - - REBKE 1000BES

R10000 8 , BERFEER? EREFAAFBSHET ; CRBMRERFNS

B, MAKKRED - MHAER, BRAGLAEE—BREARCUEERAS

i, REBRMUATEE -ME—ERAEARL, BRAXEEGS BH—ERME
REIV G, B ERMRHT EMMOERE ( Simplex method ) FHMBLL E—
B2 VR R sk ik B Al s 5 mEEwE AR E—EOEEER, M HHAE
—FIRZRER o

x— HBEMErERA

MK —BREZERTITRE -
e B g



QBHERER , FHEEHI (Objective row ) FLRERIE , Al lrsg
REER -

CIERERER , IBREBRERITRHEANRATR , L TRFENTHR
BREAZEYT ( Centering variable column )

WEERRPREFEOBTLRAEABBTHINTRESTHE , B NE
LLORR , REFR O Znin |, KFHZIIRBRREB K5 (depart-
ing variable row ) TR HE BERF B 32 A 8 B 17 AT 2 /O 76 R B0 76 A By
6% ( Pivot element )

CEHBE—-BRER, TFEBRZEABYHERBIELAEEK -

OmMFERRF TR ZEHENT :

- 1
ORETRHR m

OEMITRTHZ TR, B—BRALBMTRR ZFBH
OBMAFZER, B— LR LB TREZ o
@EETRRM :

5 ( RETRAGTEN

@ b
- B 7 2 55 R R
706 = 2 — in -

MEEH Q)

LHS x, x, x; . RHS /]

SA 2 1 1 1000 10002 = 500

min—
*Departing

#
HExA g S:\2 2 1 1600 16002 = 800
L4 : .
S5: @ o 0 400  400/1 =400 variable

objective P ~2 -L6 -12 [0] —Current solution value

I Entering variable
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EHfgXB

HERC

EfED

HfgXE

Ss %2 X3

RHS 4

S, -2 © I 200 200/1=200% min—Departing variable
S. -2 2 I 800 8002 =400
X,. 1 0 0 400 4000 = oo
P 2 -6 1.2 [800]
T

S S; x, RHS 0
¥, -2 1 1 200 THER
S: ® -2 -1 400 400/, =200"min—Departing variable
x% 1 0 0 400 400/ =400
P -12 1.6 0.4 [1120

T

S S, % RHS 0
;3 1 -1 0 600 600/0=co
Ss Y% -1 -% 200 TEUER :
x, =W I b 200 20014 =400* min—Departing variable
P 0.6 0.4 —02 [1360] |

T

S: S, =x, RHS
x, 1 -1 0 600
S, 0 0 I 400
x, =1 2 2 400
P 0.4.0.8 0.4



RS EEHERERKREMT
ERPRAETFS ( LES) REABKMAAFR (RS ) REABNNE . &
Sl L EMRFEABY , EAELER - MAETRZ AUREEHERY
B—TRTLEE o

B, e AR o 5 L B — R R

18 5

BAETRANTE ), A i
ik kB

i
Camdrnxars X Rz
TEE

_ r_]g
: TG
Pl =H{E -

BRERE—BATFRBRUCHEE; fln, RAREEBEAKRE , RAM .
S, MR Z R ARR2 — &l MS-Hx, B2 TREL ~BETEAF

T B BT h 2 76 oz SR B, T 2 B s, 5250 R 0, — 80 2 5 % 7O £ 7 20 A

Az ERZRY , RREAREB b2 HiE=2 - L5%= 2

HiSE , RFGAMOKRET ; BR , BEBGH SRR DR —BRMW
BHRARK, REABHERANTEET - _
EEHHEA , TURERMAMRT ARSI WREME ; FR—TEN , BR
ERAE ERWA—REMAR , BA—ERENE, TEEMEE6000 @
G RE | Fi& 10000 EEHK , MEMRBRKEZHREERMKT o HERMA
SR LU , B N O U R R o

HEBEFERMENGE
Bt%, ZMARERTHN - ERMAE :

REA-KBRBAT , HE=HEKEVTIUNERRAMEET ZBRE , AX
DA EEEZI TR ZER IR , RFSAUATIIRER :

=R
FEEw B E BRE  EXE I-2 3 4
A 2 1 3 ® aAle|7]|8]|s
B 6 2 7 § i :
5 . e 3 % ﬁ Bl 8|5|6| 5
Total 17 f poterf, ™ cL9|s|6]s
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GEEERMENES , RARM TEHOHRR KRS -

e 3

OLEWNE , afsEEnRg | X | % }{(W“ a
13 ’

Ci ¢ G
EHEE o BehZ %, BB ~'¢”“ - £
ReBBmS i ARELEEE | X NN as

i Cap |/ Cor| /C3/ Cag
FE jERBRUEHBE - MC .,
Xai . k)

mamk oo kim0, |0 | TN T ) as
EJ/RU |

i=1,2m br | b>| bs| by
PSS e % ~ 3z

OEE=hEHm+n — ] AEBARE HEAEY , MELBRTEFERL
& EMEE ; MAROBEBE FRBE EEAEY , MAELABHTE 5K

ZEM—E, DEs—EEE -

@EABBR L% , B FEAR ) | 4| 93| du
Box,, BRI, o MERFT o e |/ 6L fts L ] P ]
zrAMEAzERREAEN  (0)|@) | @) | =] |,
o L Cul S Cw| /O3 Oy - d
REFETAZRAREE 2,20 [ dn/ | 3/ (8 4
, : >
WBEHE (i) BReERmE [ |/ o) B | Gy
BRI A2  EGBEZE | | | by | by

*ﬁ&jﬂ%*ﬁk%ﬂ"‘ s — st 5

e AR BRNEZER S 2 o

EBALER Kij=0

ol LABYK N0
Bl % == Cuey+ Cuy=Cyyygy »oooer

@QFEXRNG , B2z 2, BH<0 , ABHMBDERER , BUE ., >0F

B E RIS EER g,

@EFE (pa ) FHREES , BERS T+ 2H5 ﬂ%KEMZEEm
B, SEELERES xe BUYEEE K %o (GARIEZEABEN , TG B0 MO R AR BB
WEFHK (p,q) FIMREES , BERSEZHE , BAREERER
Ex., MEERBAZHE , BAREIREN L *..  RBESHRO
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ZERERm+n -] BRBEHGFEERS , MURERZHEIL AL ( Nyth-
Wos & —corner ) &R , BHH®E (1.71) FAh , BRBMBR K —ETK - R

Ftg U IJBA3 (ARTREE I RAFTRERS D) , MAHEKC(I-2)|A3
(ARKEMNARRR I EERTRE2 ) s #8TE , RERAGSATRONS

B, mEAF S~ c MBBRASZ ) Y] y
9, , RHIK o 6 V718 | /¢ 3
i —-g _ i 4 A4 ¢
Yis = +6 54+7 =0 & 5 (3 5 _
47
€2,2),01,2)} ¥REE) = |5 1%
 METE , RRRARBHT
MEAFRE o A AAAN:
HERbZ 9, LIHEEH<LO & 2V 3 ¢ %
 REBEEERA ; RARE oA at— #
3l— RAEH ARR , MELA 912 V6725
EAFE o 217 13|%
. Sy \
6712 5] & - s Ay y7 AN %L
@&/ 571> 2 =3
2516 5] 6 '3‘% % Z 6
%1%\ % %65 | + %1% %% %
31713 1|¢% 317|314

HEANRFABRTHEN Y., BHZL0 , RERFGEEREREL , MESE
T REWAREIER/RUE 7 ; BHIES RBRIE4
PREEV: BELIEG T/ Ruk 2
HREVECHIE 6T/ RAE2 s KIES KBRS ; HHE I BERIE4
MENEBRIXE+IX5+6X5+1XE8+3X6+1X8= $97
DERBMBETEMRERMESENES, MEEEME2 558 5kEE—
BAE ENEWN - ERTSEWMT. , REFRKRT o
BEEN :
W.E. Duckworth, A.E. Gear and A.G. Lockett; A Guide to

Operational Research, J-hn Wiley and Sons, New York,

1977, Chapter 7.
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