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A mathematical problem should be
difficult in order to entice us, yet not
completely inaccessible, lest it mock at
our efforts, It should be to us a guide
post on the mazy paths to hidden truths,
and ultimately a reminder of our pleasure
in the successful solution.

Hilbert, D

Geometrical reasoning, and arithme-
tical proess, have each its own office:
to mix the two in elementary instruction,
is injurious to the proper acquisition of
both.

De Morgan
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MR » SEER B IR0 » B 1906 g BMar
~kov B WHTE » AL SN 4 T cheb yeheff ek —
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FE - HEALFRSERR » Markov B9ESRSB A SR AU RZE

 FRESEIR o (0 R S CR A MIE A » %

S ES —4 (EFO T A —H a0l » 55
PR R AT AU BAEE T o BNE N » B
#5g Andrei  Nicolaevich Kolmogoroff (1903~)
721903 GRS T — i G0 dsEsiiig » AME 52260
BEMarkov %58 » A EAEH Lebesgue HIER
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HRaRAL o
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AR o B E F FIgs A
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Vf(x{j ANTA; e Fs B —HRFS s B AD 4w,
‘__rllAK.:qs AjlimP(A) =0n —co
6 AT EE A EE T A BB GORIHE » (0 S ok
i IHI 2 QIR M discrete GOARIT » SIBE AR E0K
8 AR B 2 TR B 00 R TT 4T SRS B O
» B RAEA AR 38 » B Ak By Lauernt Schu
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el ) o
BT HErh ¢y Dirac & BETT THA CAIR
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BT » AT AP B RGE BIR » 4551 RANMA 12 —
— BB B QR —— & 7 27 S ( Singular

" solution ) o T35 ARILEE ¥ Schwartz BIAT —f@#:
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) Bt —TEARYEIZ 7§ linear functional o s —f&%
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SEMED FEE SR ——i AT 2% o BRI STTF o Mk &
TR I TSR0 N AR o REIBTE o 308
@t o fRER 1833 & » BF —p SE S BB 6

B o % 184 2 4 BECAR: W25 18 EFBES » Babbage
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B o E BTV A6 B B 0 B AR LU
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Brifli o 1A ety » — Nl At » B etk E
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Vannevar Bush (1890~ ) Ffihe B FAeWisds BT
SBIRBE T A BLBER BIE » FRliEh » 3
8 A A A MR &t © 7938 BRI BMRA B (
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—ﬂk@ﬁmk%z@ﬂﬁﬂhn von Neumann 3k

THER o MERATERY » EBR AR o

1930 @B + MF FgrH R 1933 £ KB
Tk i S 7 0 & §8 B SEEIRINL o 78 194
SEF) I 9465 » (i ENEE B 4 — 0y ST B BT BSR4
s B 1949 e85 —EERFAE AT BRI ST B 1RH BRAGERVF
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lator ) R Sperry Rand STIBTER, o 108 B
Wi LR & LB AT e ST PR 2
( Smithsonian Institution s FEER e HRHEREG »
1846 spei R Bk James Smithson {EK (L »
IR B RS E By ) o

T B T A6 I X M TR AR » 82
ERe T EY U EMEEaER EETEAN
B » 4 H SR EA9T) ) SRS 2B &5 8 Babb -
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o B BB BT IRFMER AR SR « Bl ESE
BT Y R T o RINGR (2 gL
) BB B R TR LBRE —53E40 + JEEE
AT BEERT BT AR Rl B LI » ARG
#F | R EREA BB RET) » it BERIE FH SRAME R
IR BRI HIRELE AR » (nARYEGTH# linear prog-
ramming {HEEEY game theory, JUEHFZE operation

reseatch S o B S » A B AR B AHE T BOR
BAFOYBRZ — » X2 —18 U5 5 BT B g
PG SeME o 5 KEIHER economelrics HERALIAK
HRFI I E8 BT » (B KSR ACTEITR R » U5

S B Oskar Morgensternl944 GERT &2 » Bii8E

SR@( &R finite mathematicsk BRAA ARG B 3 1]
B T B AR © 4P SR HIGOAE 4 & ik
BB o DS BET SR BRaO BB Eep Norbert W e-
iner (1894~1964 ) 7 1948 &= IR T (ba e -
Cobernetics —F o {FFE)Yy SRS R % il B I o
A5 s Y o AR 1 S (1 SR e SR A
HHLLRO KRG © UBARSE BV einer o3 BT80S DREVIF
ge s BE AR 1955 SHERTREERA - HREEHE
i 2 &ie FE SR KRR S 5 o i e bk &
B BAE 7 00 HE FHBSR » 670 » SR « operati-
onal calculus, WSHE s BCHSRIG} » B S8 IERE 57 300

A REF o EARSAE 1929 sy zHilbert Space i)

2 s BEIARAL » LR E B Rt & OISR Rt o
Weiner FefafEZe Ml B RERE F0I60 —+ 4238 » 4531
& Banach Z2MH] s 71 HAR B BEITRR o Z+ tHHARKE BB

BT TN S OB » TR
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HIFRLME TF o T IBLLEEBAC B » SHTBRE 60 & E R
B 356 UnRr 1R LA (BB » #4 SP0 il B 54 30 BT
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R SBBIR o HEL NS RIB o AT A o EBIR
| BEFF SR AWEORR » Wl RZHTERY S »
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W@ ) OHE > ER SIS RESHREL S »
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TREMPTEERRNGT

+-+. BourbakiBd g5

FAM — P A » — - HEAR el B R G IS (LAY

i K AZEAENET B4 RS R o thaF IR IS

SUUTEGSOFT T : KL " S8 " SR

Nicolas Bourbaki B " 5" Hiag— -+ 40 258

SR o BR —BMEENERA » BE —EAES
FH B AHEOHMEE - ML —RINGHEE »

. Elements de mathematique »REFLEHEE

MG o A EHEA R E B BT Nancy » £ —f&

| ELFE SAH AW BT qosih o 4 IEH —EHIE ;
| R RE EAETEN B —BE A & 94§ ECharles Denis

Sauter Bourbaki( 1816~1897 ) s ftize 1862 4
WA AT = 8 608 F » B MEE T » e
DGR RTH0 A MR EE o (AEL TR BN
colas Bourbaki ffm —% s il i RIREG »

Nicolas Bourbaki iE B AR R
HETE » & EmEIN R 2 A o i T — it
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ZI0EF IR EER » M Andre Weil (1906 ~)
TS IEFA S (IR B AMTE S SRR L )
LIRIKHER A ( Jean Diewdonne 1906~) £ FiikA

& ( SIERIITAER s REEER AR ) o Mffstin Rl -

FHE DK B ne o FE—E s —fieE 1939 4
HIlE » B=+ e 1965 el » BIE A IEBE
R AT s B IR L B Les structures
Sondamentales de lanal ysefy 4 ABETT 2 (1)ES
Rl CSEHEEROE BN BB CHAEER B2/
6)fH4 o B BT TMENEHEE R RE —/
R — AL LIRTRIR T o fisdanes 7 s &8
~ [E B AR A ERAE 88 » Ik LISRHE S50 6 S22
RACB G AL o Bourbaki 3 ik ¥ S 58 kBT
FE9 5 B rp RO R O SRR BT I R »
F/NERR FRIEHE X 69 B 09 A L KB S RE 60 0
58 o LIS AR b ARl ER SR ACHY o SRA BRI » + Jutit

< AR T B0 R B ECAF [ b 6057 AH ) 6 s

» I B BB RS 4R RHTE I SRAGPEZ ST THE B &
» RERAR G A0 5HT B R A o e » A &
HHEBH » A —HHSSEMED a0k > ©g &

 EAMBERIBERIF I o Eth H R SR » FREKR
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A 2 3 B IR SRR IR 69 (1R E AT A, 0
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TR B AR EBR » LIHEREREE R
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Poincaré G [ EYBF » FEHSE +F

BEGRE » % BUA O o | SHEB0EL » 72
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fHEE = [ F8EFFZ R IE &2 BERIE 4 4k o |
BRI o M XERE] o [RROUMEABER » 5 H
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s BAHMEERLIST » M HAT A 008 8 83 B
PEEB TR

2IEH

1. Boyer, CarlB. A History of Mathematics (
SBHTHE )

2 Markushevich A.I1. Theory of Furctions of
A Complex Variable

3, Rolf Nevanlinna & V eikkopaatero Introduc-

tion to Complex Analysis

4 Lang Analysis [ & Aralysis ||

5 Royden H.I. Real Analysis

6. T'aylor General Thery of Functions and
Integration

7. N.Bourbaki General Topology

8 Yosida Func tional Analysis

9. Van Der Waerden Madern Algebra

W0E ARSI B Y%

11.Courant & Robbins Whatis mathematics

R2ADNERH » SERETTE i Bk

BAERAT] &5 14 9 1010123830

K & ST HEW R 7 (BIME 1A S5 D0 B G » il FIT

fal ZIMFIBE ~ 2 P ( Kepler) » 4%8E ( Fermat

) o fT R R » R I S EE AL B o
ifii A4 H) Bernoulli o BB 12 ul er £553 Akl

ZH s SR JUHHE B4R —RIT » S A B
ARBE ARG o R EE SR Ik » Hepsk
RE (REFE s it 1900 £ 1) HE#AH »
B EEE TIREL » S B BIRF M o BRI SR
> BEEEWBZ » FEH T 5 | F 2 AR B

As long as algebra
and geometry proceeded
along separate paths,
there advance was slow
and their applications
limited.,

But when these sciences
joined company, they drew
from each other fresh
vitality and thenceforward
marched on at a rapid pace
toward perfection.

Largrange
(1736-1813)

s BEETI A Aol WA BFE A | S ket

T8 » Cauchy Btk PALE » LLBSALAE BTN

HEERBLED » AT .28 s DT B s LIEAE
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T RBHITER » B HER IR G » IEHAT?
(QVERZE VR LI B — B30 5 » R A BTN » FEEEY
» HER D SR A 4K 5 LHR BB 5
IEHEE C AR LS » T AEEE —06 » AR
B o
FEARE » F3CEET ZMEE ¢ Ramseys E
2 ( RERMiEss RS0 EIBE —E » 05
BV TEYEE B o BRI BRATRER
HT 2 RISREE TR ¢ R TEMEN

B A EADR AR — IR N AR o (AR 10

A BRI » BB T LI
CFBER » B8 " FER A 7 SBCE § Jikk o
PR E LRI A5 | B R
B -7 LTI ¢ B AT B R — At
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( RIBTS » TOfERk b T 38 — Ffen o )
BN e S
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R s ETRRARA ) (AR
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Ramsey’s Theorem

SBYE _I-th G BT8R Ramseys Theorem, (&)
LIBHBRT » £ ERRM AREEHERMarshall
Hall: Combinatorial Theory 14 78 T50AE BE Z Rl
et A A —E BT

BT (E=8) RS ( BHERER » |
FILLD AR TR RS ) » i LAEERE » BiRERITEsK
A 5 ER » ERUVERE » BB ESE HB
A L (R ERREB R B ) B9 © B RS

o BB — M 5 SRME LLEE 5 BRESCHIIFEALHRK

o WIRYFRER » FOREIEARE » W0/ A G 9
39 . '
(D bE AR o
(@B R T e s IESEHER (B
B ) ATEERE » FUEBRFAEA ; i
TSI RS B = A ( RTE)
(O)EE— B T A » R S i T S
Kt YREKBITT B SR AR o
(HBFE—BE (R A » i BB R —ER S
A o

2 AEIREFTALS 5 BRI - ,
O RARA IR » T — sk S T IR 9
B Btk a0 L WS o SEEEE » WS
FORBRAZ R » HUARBEEE?
OWE %L » "—FH -
GRS G TR FIEA » B BAHRME o B
FERARES TR 3 MBRRG@ , (DIIEH » B



VREHE » FILLRARO @
(DA BSEE=25 P, P, P, s AIER—FEAH
s 2B P,,P,, tnEF P, . P, , BIEHEAIE
= (A ) s AIEBO@O)RE » Fibl 2%
=1 » MBI » i B AR s BHAIE PP,
P,P, ,P,P, WRB—FBA s BEMBERP,
EWAR PP, P, IIFR= BEARAT 5 — A
s fiAERAP, P, P, BT EP P P, P,,P,
P,, Mm#P,P, ,P,P,,P,P,, SE—3K»

BRI FHEA » BT PP, P, 53] »
B i 1, = By /] T Y » TR B
AP, PP, ZEBAD) o (ERT )

(2)i —EE R B » EEHER » % o

RV R » RERR RS AR
AR » 7 AL TSRABAA S ¢ %0 Bk BhORS/E B 9 &
R ETEATA FEy R
() —52H Ak o
R HFEA » B ESE=E o ( BHE
AR AERES o )
WT_LEEEATS s AATOFe IS BHE
KEHT » EREIEEAGELN o 77 | WP RE
B o )
E% !

: —EREE r ETE R EE - £
o ( 7~ set)
B2 ¢ MBERFIEYE - EEVNETRGRES
s RE—BAE P ETLRGBAEE A 2 B
EEA I MUTENEAEREB » B 7-
HEE AW R M s BUEREWE B
PR : (@ RAMBHRIRN © ) IR
AN FEZ » n ( p.q., 1) Bk RELME
BB s B2 B Ramseys & o (10

© MR » RENWRAIVR SN, n IR

}go )
TEBHTT » TIHES AT EREH—T 5 %
6 RAR RamseySH » BAEWEEE2 Bk R
ERER () » R EEROEE B 6

B n(3,3.2 ) PEEYE » ERRAATRHS A0
Bls 29 » TREENR ~EAT AT o BT
n(3,3,2)=6 WA 6 o4 R o

"Re'"a'k s —MEARH o R GEBAE—ME Ramse -

-5 EB—MEER » BIRMBIEAT » I
# WA TENE o R BN SEME RITATR 1 B9
RA R o
n(3,4,2) ‘é‘ﬁ’ﬁiﬁﬁ%% B<L9 s B3R
TBHE>E 5. n(3.4.2)=9, ( BAR
YEERAR ) o
BERTEHR.T . HSRTEMSMME HER
Lemmal 3 n(p,q,1)=p+q—1
B sWp+q—1 WGRCHES pER T
BERIE p Bk 69— B @ R » Tk
p+g—1 BTG 3 REURE s E
DI p B —BERE BHEH s TNE
(p+9—1)—p=9—1 s Qg HiGR A
B o p+g—1 IRBIE o
p+g—2 TWLIK QAT ! sHE p—1
BEWEe ¢—1 EAWEL » AIRKIL
n(p,r.r)=p
of s BEH (4)=p. #(B)=7 , BEBHH
H r- £AH LYK » B) B iy EES
KegrEBLE( BEESY ) » Ak
B 5 BTLRS p TR 7 AT 0 i
RBRIET s & 7- BHAEMT R
BYER » Atk - AR BHZ 1 BI (p-
B) AR 2R - BEFa ZWH o
,'_n(p,r,r)zp
(efn(por,r)=p—1,0p—1<b_,_
“w A, BCS—4(A4) ord (B)<#(S))
Lemma3 s n(r,q,7)=q.
of ¢ FEER] o
Theorem( Ramsey): Let Sbe' .a set containing
Nelements and suppose that the family T of
all subsets ofS__coi{;aining exactlyrelements

is divided into two mutually exclusive fami].'

& in:

Lemma?2 3



iesa andf . Let p>r , q>7,r>1 ;Then if
N>n (p,q,7), ad depending solely on the in
-tegers,p,q, 7, and not on the set S,it will be
true there is either a subsetd of p-elements,
all of whose r -subsets are in the family ,or
there is a subset B of q - elements, all of whose
7 -subsets, are in the family B.
ORFRI)E THAMEBEE » REREXHH » #
KARE » TiCEEWE » KEENEEA
B s RETHY KN —EEAHER" or ¥
B 1HUL
G LU B TIATE FIET 2 BB B S « SEHETR
B 7 B S — AR BB A RA » TT R R E
B c BTEBOTEGHE  UTHH
KEAIL - @

o p>r,q>r, (o Consider p=r ,q=r1,r=1
as the case k=1 in gene-
ral )

b=r,; g=r,r=1
To show (n(p,q,1),n(p,r,7),n(r,q,7)
_exist,—Q@

By Lemmal,2,3. We have n(p,q,1)=p+q—I!

n(pyr,r)=p. n(r,q,7)=¢

This Concludes O (x>p, y>q )

Suppose n(p—1,q,7),n(pg—1,71),

n(x,yr-1) exist.

then let them equal to p ,q,,and,

n(p,,q,,r—1) respectively

As the idea we give above, if we can prove

the 4 n(p.q.r)has a bdd. then n(p—q.7)

exist.

claim : We show n(p,q,r) < n(p,:q,,7—1 )+

Let Sbe a set with(N>ncp,,q,,r—1)+1)

elements.

S=8S—{a,} , a, €S
Define a if r—1 elements in S*and {a.}
satisfies q,'
B! if r—I elements in §* and {a,}
satisfies B
then S* has at least n(p,,q, ,7— 1)
" ‘elements .

St contains a subset Awith p elements,

all of whose subsets with r—1 elements are

of property a'@ ;or S*

Contains a sukset Bwith g, elements, allof
whose subsets with r—I elements are of
property B*.

(i)Consider p, element$ set A, all of whoser—1

element’s set is of a*property.
po=n(p—1,9,r), . Either @
A contains -a sakset B' , 4 (B*)=q, whose
r—set are of property B, then its true for
us to choose from (n(p,,q,7—1) a sabset
of q elements whose r—set are of property
B. (Conclude the proof). Or @A contains
a sukset A' ,4(A*) =p—1, whose 7 - setare
of property @
Now consider these p—1 elements and {a,}
and leads to conclusion that in p- element’s
set A.all whose r-set are of propertya.

(as define a*, ®)

(i) Consider q, elements , the conclusion comes

also.

son(pg,r)<n(py.q,,r—1)+1 Q.e.d.

Remark : From RT ,we get only anexistent
theorem, but not the methods to
get aRamsey’s 4 so you still have
the opoertunity ,if you can bind
some Ramsey ¥, of course, you mu
-st work hard.

e.g.n(4,4,2),n(3,4,2)=9=n(4,3,2)

n(4,4,2)<n(9,9,1)+1=18
andn(4,4,2)>17

con(4,4,2)=I8

We shall give a substantial consquence of
giving bound..

Corollary : n(k m, Z)g( m+k-—2

k+m—2
=("m—1")

pf : Use Mathematieal Inductin
k>2, m>2,
If k=2, n(k,m,2)=n(2,m,2)
=
m=2n(k,m;2)=n(k,2,2)
=kg(f)=k
s It's true.
Suppose it's true when n(k——I m,2);
n(k,m-1,2)



k—14m-2

" then n(k=1,m,2)( "¢y ;7_77)
(ko1 22
kil

By the consequence get SromRT.

n(k,m, 2)gn(k SR D)

where k,=n(k—1,m,2) ,m =n(k,m—-1,2)
on(km2)<n(ky,m, 1)+1

=k, +m, (Lemmal)
k—14m-2

con(km 2) <k +m <( 7T 7))
R Sk e T L

ko3 k+m—2
i B ]

( By definition of combination)
= Ity also true for (m,k,2),i.e.By ma-
thematical induction we have proved that
a(kam, 2)< (P92 ) o (B )Ued
Remark :We must have a cronquence
n(k,m,2)=n(m,k,2) (why9)
ERMER THT Kk » T R EREZR R
U ? i st AR R B R RS 5 e8P AR AR
s REBAAERRE THEHI N 5B ( cono-
ex) MI% 8 ( concave ) » FEABTERLA » 9
SR H i Lemma o
Definition : We mean the convex hull ( ey
B ) of any set of points is the
smallest conyex body contaiu-
ing all points.
Lemma 4 : = BAEHTFEL » BLOTUHE
R DU B THES » TR — M i 2
%o
Bf IR AT B B R —E Y S T
T o QIR R0 TT DU 0 4% o
RSN R=AF( D) |
BE=MAE —~E&E s FiUBRT=
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T TERG VA i B » FE= A0 PG »
S » DE » g DE % AB, AC
(4B, BC; AC,BC ) »
BimR o #D, E,C, B IR~

ESHBAE—ERE R o EE o BE

O B o BB — e 2T » Al
n &S BN LS o

8f : BB RBERRIN

n=4, ERERRIL
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43.,%3333 total -curvature +rereseeserensanrensannsnna,
WD bending - oveeeeereesTernninniiiin ecsibesns
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e B FHA A T Wil
ARG 2B : ekt B
FERRARAT » STEIZIAARE HAN S B
ZF AR o [T BB 4R A
ETEE » MR bl SRR
FTEAHTEE o
EE 1 2 A EiEEE Famous
problems of Math
- ematics by Heinri
-ch Tietze .
. Traveling on Su
-7face. geodesics-
surface curvature,
._.i o
BE2 : AR geodesic
E B o

It is a basic Principle in the study of
mathematics, and one too seldom empha-
sized, that a proof is not really understood
until the stage is Teached at which one can
grasp it as a whole and see it as a single

idea,

eeese A proof should ke chewed,

swallowed and digested, and this process
of assimilation should not be abandoned

urtil it yields a full comprehension of the
overall pattern of thought,

Simon, G.F.
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Inj

B — BB REES AR AT T 48 » AR
R BT D5 EE Affine connection HWELE
PILL R B A iR B » RS b FREE ke » B
Bl o FER MR — IR H » A5 AR R
S S MBS » I RERBFLHEST [ 2]
B R VRE SRR (B RMART ) » HERSE
WA A REENRABEAT o 32 M g
ERMBIRAESE © intrinsic property " —FEia|
AR R 5 TRk e AT e Bk | KA &
Bk » AURASZ AR B I B R 2 — TR 0T B ARAOTE
BE 5 RO TE(ERY [ 5238 b (only in definition )
_ » BESR MBI R T BT SR8 b
o R RAYAHTATIR t o MBS [/ | B i (B
RATRTIARZE ) » i REHERR o AT BT »
R BB ENEES » 7 A8 EOGERE
BB RIS o

—. & (Gauss) BIRS

K I5042 LIRT » Roses Soh i F EeO AR ¢
Sl " Ceometry " HIEMIMNG ( shape ) 4
Bl 2B R : BUEHSD " Geometry " BRI
WRZ2R ( imbeading space )4 7 S ARSI »
ARFREHEMCE HET SRR ( 4HEH E
ABTHEN ) » PR RS E L Ve 22 B » ]
BT R ety » 0 AR S T E REOAVY
> IATHEI A e BEMER R 2 B ) o BRI — S0 e
2T M » TEPR T AT £t B B A SR

rwv 3% &%

| AEBK TR > BRFIAERIZ S ( congruent ) i
BB » AR BIE WRESTEASE » B0 i
BAE . B EE) B & ( rigid motion invari
- ants ) o SEREN MEHTEHNT ¢ CRA—EFER
F:E' 5 B sBEdp.qc B sHEKE
d(F(p). Flq))=d(p.q) 2 K dif
HE fZBEEER ( dotproduct) ".” YSE s B
d(p.9)=0(r=9)-(+=02))% > EHERM
B R BRI » 36— 71— 1 W MM
B E o 2 — iy T M 5 — i M i —
M pPRLE & )16 & (tangant vector) s
Fy(v)-Fa(w)=0 - w ZHEff s ik Fa( 0 ) Bill
Bt oF(p+to) 2k » 8]

Fo(v)=g F(prtv) |t =0fR81F+ (v) 81
Z0E & o BUE » TAFBCE A F 6T o A
B (BB I- TEE) » B[~ FHREE—
fnBhER ( Curvature ) FiEER (- torsion ) e —f
BE UG » T —REMEE ? A=
MHEER (BB=MA ) IR o 505 RifE i f4 A
sy - AR i E' FRISBHF R ( con
-gruence) o {0 BRBIFRMAZEET ZHEA ( #IEA
) BB B » WM S » ERALH E A5\ B —
o (EEE:R! )EEL Bk /- TEERET
B B e ) SR A L0 BEBE BREIARA o RIS
S » WS » TiT0 /854 ERSAETENK
BRRER » HESIR E MR BRI A (K
)| (,Intrinsic Geometry ) Bk s FFE R
 BRLHHTE A » BBAMAERRBEET ( Riemannian
Geometry ) EHIMOAT o Bt AHER LM A

60



( 1B 2 5 S o N R 2 = B AR )
S8 FIANTE » KO B ATBORE 1B R K B
BT o

=. — B ERERENEF

RS ST ) A — BB — AR B ( Fiast
fundamental form ) ds*=Edn*+2Fdudv+Gdv*,
Hepx=x(u,v) BHEIEZIBBAESX » i E=%, %o
F=xy.x, , G=x,.x,, x,, *, B33 v, v Z/REH
Ko #E,F,G, AEHHME LHRZEE RA
SEREES o i BRMHIRE 5 & 5 —F mH—1T
BHHTE ( Developable surface ) &8 —FAREIhE
E,F,Grimt8% o Ban 2 i — iR AU 50 4R BT REBTEY
B ( Envelope) » FeANLfGTar R B ( Tangen-
tial developable) A TRIN —TPHEBEE —5B5 » &
& » TEBZGEHT » Bz —ElE - 8
R WAERNE_FRVEIE B » RAEHE » BE BT HE
B > BRENE AW BB S » B REERYARE » BTLL
WaEze MR I o ((BR » KRMA=E AR BRE
RAFIEISVRAL F—8k o ) [tk » BT B kB — Tl
Fffx,.x,=Fy(x,)Fy(%,),

Xuo%, =F g (%5) Fu (%) 5 %,-%,=F 4(%,)-Fa(x,)
TREDE . F , G AT LASE 2 — e AR B8 &) o 2t
YMREZAFERX =X (u.-v ) H
E=% .%,= 1+k*(u)(v)*, F=1,G=1
Hep k(u) BB ZE B ( Edge regress-
ion ) (I R o B S AN ELHER MR » e 22
iR e e B » FRATIAT ISR — 2P i e ( B0
) EEEERRE (v) o [ EMHR S0 Rl we
BHFE (SBH—H0 ) - BT s FEETLUA
E,F ,GHRHAK QIRE , F , GIEmEHT
REEAE > HELE RERE |- AR (2B
RIS AL R S, A B A B A AT (B —
) o SEMEHEMTER BAVTHIAMME LS S B
"B " 2% )1 Lougwitz —HHETH—-EBHA
B o SR ( Geometric properties ) JAJEAN
THI PR b
(AFBRAAEE R 22848 o BUFERR B ©
s X (u,0),X(u,0)=X(u(u.v),u(u,v)
[FI R EZ2 R
x(u(t).v(t))=x(u(t)-v(t))
B L6 » ARBEHER] ( chain rule) o7
®78 : X*= Ei*+ 2Fis+Go'= Ew 4+ 2Fio+Go'=X*
Elds* =d3s* o

Hint : o
_ou 2v
Xu=Xu 35+ X5y
7 =X¥7.99 4 X5 9T
Xy —Xu.a_%L.g.XvW

ol du sudu
sodttsodt

=di
T dt

QS

aidu o7 dv

Py
Tdr sodtt svgr

—

it oy Sy B SR I T

BUER PR — T e e 28 ¢ i

DT BB HERRZ
X=X(u,u)=(5c,(u, v),%, (4,0),%,(40))

Hep (u,v) fHAFE_F—BREEIR ( open connec
-ted set) s BB Xi eC®  ( BINES =M B EM
) BEXuxXvx 0 (" x " REENE ) Xu= :—z:
PRILTESE » T BHEMERE S Fe— i o [
B S E RETE L BB ST B 2R
BRI A BELGEI ( global ) BT HEMITE L
& o NILER BRI IEE » B eEBFa T e
B s —BR—BRTHE ( smooth in overlap region)
HhBSEK » BT eE » FTEERE « R EEBHS »
BERE-RHEEIMERKER (B 2—5%— R E

AR » W T REAEE L2 ) > MK

ST (di fferentiable manijold) i & —T] E3E
AR TR - ETERFAMEEE ()
EFE: An n-dimensional differentiable manifold
M of C*%is a Hausdorff topological space that has -
countably many coveringU,,U,, ---,satisfy
-ing the following conditions :
(1)For each U, there isa homeo ¢, :U,—V,
where V, io an open cell inE"
() If U;NU, 2 ¢ , the homeo §, , §, combine to
give a homeo morphism = ¢, of
¢« (U,NU,;) onto ¢,(U", nU;) ,which isa
differentiable map of C*
BRI AE B /R R KM Z AT ( open ce-
1) FE ( homeo ) Wi HAX € V.AIX ZHEEER
$7 (%) ZBEHE o
BHQBEAMEERS ¢ BE—RKEW oo » BT ja-
cobian determinant & ¢,(U,NU,) mELRBE »
I 6, B— diffeomorphism s BIEFHER L ET
& ( smooth ) o FEEE (U..¢:) BH—HEDD
R 0 RIBEAERE ( U, $:) > ( U;.6;) ﬁﬁm‘m
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RO Ballowable coordinaie transformation )
o TR H i 8848 » AR RINME ZR ZA o
R o 723808 A L o BiR AT DIBI » —n e
» 1T L2588 — A i 6 51 Bl SetEak » EHER
—HR A EREZEE » RPBELRER E22M (Te
-ngent space ) BENZEM o BINTE n MERIBL S HEEIRY
H—EOEHET A5 ( furnish ) ~ERFE (innes
product ) s WAER ~RT xT - RZHH ¢
(viw)—ovow FRTHMGEM
® (a,v,+a,v,)ew=a,(v,0w)+a,(v,0w)
@ vow =wov
@vov >0. wov= 0 < 0=0
Hpa,,a,eR ,v,weT
(BT MRBER E" 22000 8 50 2 HE -
RT B—MREEZ » fEF 8Z2M ) o M » MEATH
AWRE T FHEE » ERBRENE ( Riemann
manifold) i it HBIET H HARAOEET » RFIBEZ B
FRG 4T ( Riemannian Geometry ) o —HiaR &
VLB B T ( BT D B —TEANSREA T ) o T
g Bem RUGSTEM I 1S » BArEi(T » fit
S RN BREC R BE 2 3R » R EIRRREE » /b
FEHI BRI K A RIS ©

b, RE (E. Cartan) B2 %
(Approach)

EAXF » RRFETREREGE - 785
AT B 1 - RNEBABET » RIFUERE.Ca-
ratp §I5EE » FERWRB E. Cartan §BEiEL
i AFEMT a5 R R EERAOER o s 52
FBEBES » M RSE ( vector field) R —FEIRE R
BR oHEZ  BMBEEREE P—HAE [
Gﬁ%ﬁﬁj (F B aR R HY — 1 H SR B i 1 6578 i 69
GIEEE A B R EAR & ( SR EEETE
W) » BLAEE 89 —m RSV Bl — Bl HE T &
—EiP s E—BREV(P) © HikE Bemgs L
W BE SR a9 B 3K o fi Mz Normal vector fi-
eld gﬁ%—fﬁwk%ﬁﬁz@]ﬁbﬁﬁﬁzrﬁﬁ%(
Hopae B LB E T - 2B neighborhood)
TELE MBS R —HEigs » U} Covariant differe-
ntiation o

V.U=U(p+t, )" (0)

V.UBBUE; p& v 23t &g ( Cavari-
ant derivative) BMU ( p ) 1 p #51lk v J1) 2 Bosgt
HodveT, (M) T, (M) #fp 872 OFE

24 S, (v) = =V.U KEMAE p BZBHET (
shape operator ) s HriME BEFIR ) > HRE co-
variant diffeventiation Z3EEE » I ol LIFHE
8,2 T, (M) =T, (M )i —SBRIERT - HiEm
T :
Uty

<¢E=E§=!EE=!I>

RN E - p BzE iR ( Gaussion Cu
- vature ) BK(p) =detS,(detS, £S, ZITHIZ
) o B b P #B R KR A — HER » Bk e
W — B KR NE s BRI ( principal cu-
vature) o i A SRAHE AT HHERENE T MERZ A o [
HETEE [ A L — 8 B 2 R o 0 R it » A
e TR 2 A Ba RS B A Bk ( differential
form ) 44T o ERMAES » B TLIER R 37
SRS ES G AR A A T IR TESRAHERE o 78
HEM b > SRR —FE5848% ( adapted frame

field ) 2 BN E, ,E, ,E,, MBYE—BipeM>s E;:-
E; (p) =0. Es(p) TEMZBAR 1 » QI vel, (M

3 3 ;
) s ZV.E(p) :.Z]wi;(v)El(ﬁ)( Iéléj) 2
]:

BS,(v) ==V, E (D) S,(v) =wn (v) E(2)
+ Wy (0)E,(p) © HERE,E, E,, NME=MEEH/-
B ( dual-I-form) Qu.0.,Qu, Qu(v) = v-Eelp
)s #Qs(v) =v-E,(p) =0 @ Cartan B985 —H5HE %5
#58 ( first structural equation )

df, =w. A ., d0, =wyAl,, EEFHER

dw,;, =w,, AW, F1C 0daR i A5 dw,, =wy AW, ,
(E " d " Fexterior derivative, ifij " A" %
wedge product ) (3= ) » BMUHFHE~REED
R dw, =—K0, A0, » EMHEER B
FAE o R — Ry ZHE Tl M ( geometric surfa
-ce ) AMALEER E° , THES B ET » Bil&
HFHEER 3 JETEIL T EE o B ERSREMIRET AL
T —HEEE T 06 ( T LR HiEs &%) e
Theorema egregium of gausss gk RMFHEH TE
R T | TR o ERHED A8 » ifth
BT R T 2 i B4 BEE 0 kT it B 0
FRAF LR GE PR Wi il 2 L- B ¢ M- N > {8
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H — BT N b GBI ( form ) Hr[E] ( pull
back) M : BID# ¢ &N F1 —HEL » B P* $EM 1
ZI-EE o[y ( F*¢) (v)=¢ ( Fv) s Horh o 5%
Mo@din &N 12 2- B s QIFY BMEZ 2- &)
K2 E(Fy)(v,w) =7 (Fv,Fw)s Ko, wy)
WM 5 it PAESEang o ST Ee R FHI= 1
OQFYé+y)=F*(£)+F*(n)
@F*(Ean ) =F & )AFHy)
@F* d§)=d (F*) A
@ESBO- B QI B S(F)
ATEERGESE s £F : MoMB1- &k » 810, =F*
(51);02 :F*( 5; )
A hrlE T M (BT [hrE] Ea i e T
TAE A TR EEOAE  IF stoke E88E B
) o BB — T & Rl z [- Tk o 8%
FiM-MgI- Bl »4&K(p) K (F(p))aE
M > Mz &g o 7 p SR MA@ E L, 1)
M s BFIE FfeM ERBE, =F«(E. ) » B1BfMm
FY @, )=w, §db,=—K0,A0,{Hd(Fw,) =
F¥(dw ) =—F*(K)F*0,) AF* 0, ) » % dw,,=—
K(F )0,40, /0,40, +04gK(F(p))=K(p)
M EMAE [ ( orientable) HIAFELE —2-
AM FEEMZ LG R v wiEH dM ( v,w) =
x| vxw || o FRITATERBE ( fram fields)E,
L, i dM(E, E,) =+ I{E 0,40, (E,E,) =0 ,(E,
YO E ) —0,(Es) 0, (E,)=1—0=1#dM= 0,
0. Witk dw,, JRATFERE — KdMo 3AM ERSTEH T
SIS £ —Hl /- Rt » B@ R » BN GRS
BEA N » (S 20T O 6 S N )

A, FEERA(URER &

% B TR T B L TE S e K ( U
WA ) T A0 1 k. 9 Az DR ( poincare
) TR T H LA Sk R 16 (T2 e » T 5 s
155-1 2 HSTERD o MWD A507T 60 S0 I 4 S B TE 0 e i
R o THCECE TR R K = 069 —fER T
47 ( intrinsic geometry) EH{WEELCHIIIER:
SHAEK =HWeasn T _RYE ? 0570 1 86 5 48 » Belrami

w,, =F*(W,) » ENF msM

B 1 B AL T o (A6 D e 2 — R

GR5E — 4 S Z2RAV UK B thT 2z R T LAEREY —fsil) |
ﬂhl!ﬁﬂﬂ'( ( gwdﬁic mapping ) ﬂ‘)?ﬁﬁ“ﬂ%‘é‘ib‘éﬁ‘-%” F

N

N ﬁfﬂ-f&%ﬁﬁﬂﬁﬁuﬂﬁﬁﬁﬁkﬂﬁﬂ rfﬂ:‘ﬁtl
T A A o ) AR B B R ( b T o et 65 P
WA TERZAERE © ) Rt 35V oz l BAESH B »
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BRI > URRIVERT RESEae i [ [T B o

i A B R B T o Bt TT R 6 e e i I
TETEIE BT » LerRERe (2 [ ML JE BOR
LB i il AL 3R © FE5 — 5 T o R BEPAME f B
AR —FE AL BN o LLALESHE L)L —lHR (unit, speed
) AR EEA AR ( SEUY ) » i8R e
E=xuxe=13F=03G>03HG,(0o,0)=1>
VG (0,v) =1 o & E, ERA hFE L7 associated
Jframe field s BEAERFIR ¥ (u,0) AE(u,v),
x, (%,0)AG (u,v) Q1 6, =V Edu, 0, =G dv, F
HCartan 5 KE ¢

wn::L%gbuu+%g?vw,mu
dwl,_‘/-T;,— (h/—) %) g (‘/—)") }60.a
0. L-dwn =—K0 Aﬂ, :&
(VG). (v—n
K_VEG{(—VTFJ (= %)} (3HA)

;ﬁﬁﬂE:] s F=0 sG>0 lﬂk!—ﬂ__j’{%
1/G (\/G )w 3 TE MG HARKF » EREE
v 2 AT FMAIREEG. (0,0) =0 ’VG (0,v)=1,
G m5e4: K B g o [ kA5 e EL 40 ZHH 16 1
HhZ BT Bl H ’Efﬁﬂé&_‘*ﬂﬁ » oy — AWK 455l
WEsFsGsEsF sGEijpg»A|E=1=E »
F=0=F s fizKk=K—G =G - {(HEME s F »
G ISE& e — -l » (R ILa 7 L7 A4 sk »
5 T B T DA SER R gl T 1 Gl i) o

AR MR Wi T R THEA » BB [
A —fisliE 60 B B RRER RE LR BE R60 —id s i
SRR TTHE o B EAEH WA i » ERe0E B
57 e e o R ARDE bl > —ilf [ AT —2575
)5 —#5 2 A5RELL “ IHSH 8 7 TR o Atk eh Tz K
FERB AT ; RZ ﬁmmﬁﬂ%ﬁﬁ Q:4; 1
WFFTE » B — A HaM e » FERECE
AE) o HUEEZ MR BE 5L Bl i) o
BHERBKEREATZ S 4 § LAk » TR H —
analogue: EMfE K B Wz —MEME>» 5P Q>
R s P> Qs RGBIBIEP P, BEEHERK Wil H=1
W ( geodesic triangle) #7PQ=P,Q,, PR=P,R,,
ME A RPOHIAR,P QA AQR=Q, R, B HAt
WIS TG R RTAHSE o ( SBONTT Gl EalliE s ) 5 B
7S BEAKE > M ARk R T R 37 £ BT B 1



ko AeEm B TEREA ( Klein ) gy [#mdias | (R
FEA) o BEfnik » JEBKERR BB —2LVE (Consistent
) ? Beltrami £ P57 186 8 643 Hiss —ARY (
relative) GIRHTIE R » BiaBHS S » BEMMBEY oEE
FRERE) AT DU RR RS R AR A (3L ) o Witk 0 &
BRACAE T B —3 » R JEBRS RIR—2 o ( & RFIFLL
TR B6) T3 EE 5 O KR 2~ o ) 40
Beltrami #:3T IEBKEofn BK TR = MEE AR T
BIHE SR RE » i B FI B geodesic mapping K ENEE
G o iR 260 Bt AMEE B AT IR R T i
B EH o T A9k BB ag /o /B B 0,8 T 1RAH
EURK » T ZEE | o JEWHE(T (01 & —Tke ki qe S
8T o

78, SHTHE  REEE (Riemann:
metric) ¥ i & 3F 1%

HERATRE (REER) €3I AT LE ERE »
1B 514" HHREAER o & 5235 [ RE] » KR
ABEWTEIR ) » 3 Bl WA Gk c B E —
16 » 5 BB BRI 5 n ek 220 2 T (
submanifold ) » RUERAPIAS Z R RE 695 | A PRMy
I MERE TR B a8 o TREDK = det S s Hrp
SBMZBBT ( shape operator) ( BWEMILY
TS PREERE 2 ) > R [ T
EFHERS + TRRISFEOMTR G » R FRAM
B FAL [RB] TEEMEE 0ER  (EEA)
o HEHN T ( 2-dems manifold ) s ERFHERE °
FREVEMEIRET ( image ) » AIAEZE IAERT
KEER o BinTorus CE Z2¥ HBEXE x (u,v)
=( (R+rcosu)ccsv,(R+rcasu) siny,rsiny ) »
MR %0 %0 =E , %y-2, =F 5 %,-x, =GE35BBKE .
o Atk Torus GEATAE E*p4RE) o (BRGEFE xaox, = 1

I s Xu 0% =0k ox. —d A x« (U, ) =x,,x (U,
=%, » WL AE T o7us SUBKECZS ERESEREE ( Local
isometry ) Bl isometry 48 1- Iz K=0 (
DR RS AR B e K 2 Mk ) o (B & —MECE %
Torus 6 BEREHEHN T ( compact ) —ZTHH —2
PeM >fEK(P)>0 (2 )s Sk flat Torus
WEK=0 s I EF S VR DB BT ( &6y
) c BREEHE » RFIHREE » ABRMATURE
—{REEBREG®L ( isometrically immbedding )&
Slat torusgigyy ( globallg) RAE'S ¢+ EHB*
s Bt LR ﬁ’@ x(u,v)=fcosu, sinu,cosu,sinv )
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it * QIR _Eiliz flat torus 8922 1A A I(#(u,v))
*(u,0)PaEE -1 T [T —E s HLEL« HE
PfE ( Preserves inner product ) i I 55 —{RERGE
BREGB 3 BE F xu=(— sinu,c0u,0,0)

xy=(0,0, —sinu,cosu ) s{#hE=1 9 F=0 G
=1 ° {HZEHA e SR BRECZ2H i JE TR 69 i 1R
BEAERSMEBE G Z2R 1 VR © BB B [ i) BUARA
AV ? ERYEAY B R E » REEREE
55— MR 2 FEWhiteney TH » &g —n- MEGR A
HETCCRAL ™™ A s BREH HEER (
Riemann metric ) s ifij HEK Bl 3K B4 4REE (
isometry) YB » HEBUATE R B FE —BEWA
-iteney 7EHEERETEAIEE R DARET o AW (
D.Hilbert ) B384 5d M 251 ( hyperbolic plane
JRA  (REEH ) ISR o iy R
B Cto {8 J. Nash 75 195 4 bR 46 B9 ) C
3% * QIZED AT LI E0AS FuBBEME o & —n M (¢
closed) A MM T 11 C *° FIGRHRAL* fy (£ >n+2
) Blfg —~EEM iy C™ REER ( Riemann m
etric) AJ LR AN E Z KB RAVE R ( induced
metric ) s i EMEHEHREEHLC

B8N » {HALIM A TR A BEaRRER » ERAVER

RERTHEER » REIERS _EAXRXME »
EESEECTL EGEGT o MRS EEEEER
3K » AU SHeIR 220 aoKEBE (R LRI 0l 0 J. Nash
1956 ERUTFEEE: £3 Lk Lo s —AHCY
positive metric Z nENiEl s & -—Ctﬁﬁmﬂ( (15

e ) Emmn "D o gesgaemn (22—
B ) o i b = 2 21 » By S R AR - R
SRERFRE TR B 22 1 £ BE SRR IR 4847 » RIS R
/AR [ TS & > RN EESRA —@
AREREIZ2 ] » Bin s — ih Bt 1/ » HE—E T
E*17=2/2 « (3. 2+11)) s k3 Bk KBBR8
o SR SEFEZ2 B 2 4EBE BEBE L& » BT LIS B B5 FAM
HERAR ) o B HE ) A SR E R S48/ »
RIAMERTBEDTEDEE A BER » H PN TR 26 H » 5
HENBAFIFHA T — B e g o
i B b 25 5 | F A BRALHE ( R AR A0 R

Botw TH6T | ) o EUHD EE9 R K607 ATLLSEE EHES R
HEE K e o TSR K FRENEE & BE R ARILE * I
WA (#642) » BB MK i » BIE B BB (
Riemann metric ) B @B o 18 & METAT (
global analysis )BT » Bfi— b &4 ( Gauss



-Bannet ) 5 Bkt —p EEAIE AR ; EHRREA
$LEH ( Stoke ) FH ( HLEHAMPEAES B
2 ) 2B » SO ~ FRRER RN 0 Rk B AMER
MK o &g — FEESTHEA ST ¢ EMB—TE
[ ( orientable ) BIEE ( compact ) Himm » AIE
%;ggfggﬁz(Total gaussien curvature )Pam 2n.x(M),
. x (M ){Rikhr — & I8 ( Euler-Poincare
Characteristic ) kFEEH I 88 » JAEASE [ HE0 ] H
B o ARG B BAUFHE » BR A - RS 2 &
METFREOER: (BBEF— 28 ALKgaus
-Bonnet formula for exterior angles ) g% x:R—
. MB—fEl i k2 {1, regular ,2 - segment, #d M
B x BrifsE 2 A ( area form) (FIR[Z 2-/o-
rm ) s fl].2

[[KdM+ ( [o, kgds+ (g, +e.4e 48, ) ) =21
Hop [ KM B x (R) Z SR MBS o {0 [o-kedste,
18,4848 B O(R) z&WHnaR ( Total geod-

esic curvature ) » EERAIE M ( x,,%, ) >0
Bug e (EEJL) e,,8,,8,,8, FOTFLE ¢ ¥ (R)FW

f% » e, AHIBEHEME » Blo’ (1686 ) B (s
)2 s a ( #HE5) =B () o B o
Hdw,=—K0, A0, =—KdM ( 2@ EW E,E, )
s Bl [f. KdM+ [[.dw,, =0 @& EEsEm [f.dw,
=fa, 2K [ KdM+[5w s =0 [[E

Jo:Wye :_f,aw"+_|;pw,,+_|'_rwﬂ +_ ;0 2 DR
Jakgds =¢ (b)—¢(a)+feaw, ¢ BUEFEE
kM (B ) » A fo-w LI ATE HAARK
MBRE ( Compact) s VA SMFR G RS 8 « B8
& —HE partition s A EIBEIE - ¥ ko RE
0D T 0 BchT — 2 InER AR R B 0 BT AT RS &7 — b
SHSEE o T EEEE UK » R MEMAEART
BEFEER TS 48 —MBADL flat torudy R 454 (
flat structure) s K& s A 2 B O #éH 6 Bichr —
IS B0 » /Iy —REHEZFPE o (E+
) SR EENT [ | &R ¢ lEAMTRIE T

TG > BHZ AT » 05 FEHER Al R o
BB —T LB S0 M ke R E5
BT AAEEAR + BERFEE EIEE
¢ Q ( generalized gauss-Bonnet ) TheoremsIf
M is an even dimensional compact conneted ori-
ented Riemannian manigold, then JuQ=2"1%(
K1 )X (M) wheve, Q is the global,n-form on M
s d if n=2, then Q=KdM ( RAFH#Ez FHE
WHE S a4 ( nform ) EFEEHBEFR -
B RiF A e ABETERH ks T o) XM
~ PEENAER 1848 2 RS o B RR
B BYREHT : HEAB —HEM 2=  fl
Jf KdMy [, Kgds=(A+B+C) —n s Hri 4,B,C,
AHBAZAA ( RAVAR ) » BH=ABZ=428
Bl » AIKeE 0 o ( BIMAKe - InEEERZ A 22 AR
» "B FB LS BE AR BERR il [ SR o )
S F @ [f KdM = (A+B+C )—m »
HEKEEg s8] 4+B+C=r +Kas ABC s #5K=
0 sGNABCHETEE >l A+B+C=n 3 & >0 »
BIAABC BHRE= A » Al 4+ B +C>r o BEHE
B2 AT AR » PSP T A BT 7 Sk S
FAT SRR — e o '
t. & 'K
73 H Bz FEBKR IR S B TR » dnifE
(B8l TERR AT © BB Be leramitey I ke R —H
P75 Bt ok BERE AT A » B FGRMEFIRS Ea [
D ] 6t A [IHIEG ) » DIREZDIAE » SOAETHTTAD
s MBLET » ETMRE o J. Nash 1954 e8R
ZHih 196 4 6555 6o I Annals of Mathematics
1956 teFiE R AR IS eSS s ] dnnals of Mathem.
-atics s g iRaRk SRR Ho S E N REEE
EiR&1 BREHE B. Oreill #1 D, Laugwitz “Erh sk
A5 o bk » BT A G 2825 SRR T A
B o 78 bt AT EE ARG BRI R 0 B8/
B R ERAFIE S50 (LR 2 8 » thBRIBEIEIRE » fi—
FULHEEOTRT - S8 FHR LS ZEEED
AT RS S » BRSANBERT
B - AR2EeERAAE0SR QL - RHROT
B [HE | #RMOBTETESTERZE
o
BT B ESESD  Hausdorff axiom F1
Countable open cover ¥RV BRI FHH B
R ABE pathological o F 4B FOneill p. 184

65



1 Springer :Introduction to Riemann Sur
-face p.56¢ EEpt RBE TERMBEEER » 4

BETAMREBH RERGOFEAENE » B Anslander’s -

FE= ¢ wedge product " A" £ —FEERI ( form ) &y
SHE ( multiplication ) jgfR dxd_y:——d}dx- i
dxdx=0 o exterior derivative: Q& p-
Sorm 5 QIdPE (p+1)—form Hugl
$ =X fdx., f, real-valued, —dg=xdf,
Adx; o

REUY 2 BB AR BN [ L 2 6 68 » 300 R Ta
ngent vector field)Z3t 858 Hg Covariant
derivative B0 » @B » IR KInEE
BO s {BHELZ " ER" » mEERAK
Keg B » B RTRE " REGR " » AREY
Rl s Affine connection s &K}t&ﬁ
BRAF G » H B FRTLIE B Oneill's 5
H.Hopf's Bi{NormiZu's o

FEFL S BEBE Oneill p.278 ERFIFATBHERKZ
RUREEZS —FH o

REA ¢ Klein BpFREG LG Erlangen program LIk
# ( transformation group ') B T
" 3 (REEFE QIBTE » Oneil et ) B IEE
Klein GG o RILLL AV » EZBTHVE IR + 35
ﬁﬁ%g‘Laungx ggsttoncal note o

#Ht: Eﬁﬁﬁﬁ'ﬂﬁ‘f&lz‘q’ﬁﬁ] s G AT
EAERES* & o

BEA : HLLHE R projective plane, TEE » TR
HE — BRI Fmobius stripfFll » g

M » R EHEE EAFE T » BIE A3FE
& ( self-intersection ) s (LS HRIET
FHi: A compact surface in E'is
ble o gkFBAHL E 8 Mg & Jordan-Braver

orienta-

H (80 Jordan curve SEEBYE E* ez ) B

HBAR L % —{8 nonvanish normal vector fie

-ld ( HEEAEMobius strip | &3 FAHISKREY)
o BAGIT-EFFEAT : W hiteney & @itk
= LR MERE 3 » SR TR Sternbergs
Lectures on differential geometry o
Geodesic cusvature RIEZRITF s pB:[—
ME—unit speediififft (MTWER ) AIT=p"
B —Tangent vector field, @l T 90°78N
s B kg EVRET = kgN S L2 BIEES o (
AR LSS Frenet formule)o
g+ ¢ BraEuler- Poincare Characteristic x(M
) Bl EMETARERE " LS BER "
( rectangular decomposition ) s Hév 3£
BRI HRZEE » ¢ A8 fER”
AT 7 R » 6 % (M) = v—e +f BifHk
gt ( Topological invariant ) ¢ (S*Z
x (M)B2 Torus B0 jfjProjeitive plane
A& 1 ) s ik Gauss -Bonnet 52 BB5)
EERED — I TRR ( Topological
inyariant) o
BEE:
1. B.Oneill :Elementary differential geom
etry.
2 D.Laugwit: Differential geometry & Ri
-emannian geometry.
3 H.Hopf Differential geomctry in the
lasge.

W
S

4 Sternberg:Lectures on the differential ‘
Zeomelry. v

5 Bishop & Golderberg:Tensors on manijfold.

6. Auslander & MackenZie: Introduction to
differential manifold.

7. Normizu:Lie groups d Differential
Geometvy.

8 Hicks:Notes on differential geometry.
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AR IR AIESE » A i 2 ¢

1By sup

I By limit process .
HR T ARG E » BMEaRESLE R » ZIRES
o BERMEFWNE » EHECHIGBERS . B
TEFER s RIFEilt rectifiable difiz FEEUTF:
TEF FaeCon (a, b)) Hk—WEE. Wil
WD R (a, b )HE—GE

P:(tg,t,, ...... ,tm}
BMEA
z(PY= (% |[Feb{a(ti-.),aCt) ],
Bl S0 s ,m} :

MR PRSEI—AHE polygon 300 | = (P) | &
T (P) ZRMEHR
Iz (P) =" |&(t)=@(tas)]

k=1

EHAE—EBM s FEIE (o, b JH5EP

sBud | T (P) | <MABT Brectifiable s -

EFED 2R
Sup { |z (P) |:Pe®(a,b)}
WLIFEHE AT (a, b)) FEZe
ST s $E—EBl e s HHE—TEB O o (5%
B Ca, b )BREPs | P <O

= | |z (P)|~Ad(a,bd)|<e
e — 18 Lemma 3 s
Lemma : 1. @¢C on (a,b)
SB[y s )
Py, 4y %, buis} oDl d)
ami=1 e
3 Px=py P

= LGB [ [l CP ) | H.
[z(PY) | <[z CP*) |

212 (PY) |<lz(P)|+
2m’ Max i[c’i(t)—c?(t’)[

le-rl<ly
Proof P * B PR P riEM4AE ( refinement
) s IS ARER s RESRTBE] ; RFAEEY
REERTE 2 19389 o
S P TS FEMA SRR R 5
RS T EMASEM P gua s » RIS PRy
FEM ; S-EFSOTER » B0 BEEP
T o BETE s HASI—LESG TR

fa i
} : |

E, t, ty

tl
a = b
ty

S

ts &,
e | T (P*) | PSR E—ETFEMHN

RSk —EAEE | (P) | 5 MATAMASR S

BT E M EIER— A 88

2m Max | @ (¢)—a(¢') | o BAAGEE » TRAR
le-el<lnl

BT : ko BHE M EaEEE » BRRES

G s TS EER BT » 55 B - 30 B R

FEBE— TR » QIR B iR —

B o BEHER FRAZIEMS | P | s AESRER

BIZBEMERS Max |a(t)—a(t') | o MRS

le-etl<lnl
ETEMZ ERRER 2 n 8 > SAH R TER
HIENRESR » — B8 2 m Mﬁ lla (t)—a(t)]
le-vi<lp
78 '
[z(P*)| < |x(P)| +2mMax|&(t)—a(t')| .

le=e1<]pl

P
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Propesition. 22 ¢ C on (a, b) Frfukiaiig
TBrectifiable BI¥E— € >0 s FE— >0
B

T PI<o=| |a(P) [-Az(a,b) <€
BZIRIR o

Proof. WAz(a,b)=Sup{|x(P)||PeP(a,b)}

i EME— € >0 , SFEE—Pe eP(a, b
Ad(e, 0)—e/2 <| w (Pe) | < As(a.b):
BPe={ 85,8, i tamn}
Yl e >0 , RAIRE— 0 , BEHHA
t,t"e(a,b)H|t—t"|<d, B
& (e)-a() | < e/tme
HEZ lemma s ETH norm<d Z4HHE P
AETFTZAEX
|7 (Pe) |<|n(P) |+2mMax |a(t)—a(t") |
le=tl <ipl
<|m(P) |+2me«e/4m
=|n(P)|+e2
&A'&(a,b)—e/2<lr{(P)l+e/2

As long as a branch of science
-offers an abundance of problems, so
long it is alive; a lack of problems
foreshadows extinction or the cessa-
tion of independent development,

Hilbert, D,

In mathematics as in others, to
find one.self lost in wonder at some
manifestation is frequently the half
of a new discovery.

- Dirichlet, P,G,L,

BAd(a,b)—el|n(P)|<Az (a,b)
TRED s BETAE | P | <0 » WG

| 1z (P) [—Az(a,b) | <e
ez BHERAS » FEER
Remark 1 3 B 5Eei AR o o 5 i i
s B fRbounded variation (B Apostal : Math.
Analysis FHIEER) s IRAIEHAERE ¢ | 0 g%
[F45 - BULBET LI Filt—#F o
Remark 2 & e R —EE 2% » A e
FMAENTER FH TR o —TEEL & Sup R inf | B
LTESETES 5 5 —FEit R Riemann Sum | L&
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ERAFEEHBEMT LA AR EEE
% 2 FEBMBBBOAFTTEELRL » R EME
B LR R » FE B AR RBER LB EMEE
Bz o« HAEpEER 2 Bk » ITE DAL EEARS
B EMEEREIEFEIBEGOEI
BB AT B G B 6 B FX FIA AR JERR
( development ) o
FREER ML BT HBRY Bl BB B
R » B SR T YIEM R « ER AR
BOTB » SR IR o AR MR o BT BF —E
ATEEM T &1 ARG B H » inEA L PBF iz Gaus-
s's theorem in 2-dimension FHBABHEES
Stoke's theoremififRELeE A #HE Green's thm
i > Ee s R E MM Ae SR e Ha £ 5tk
ME 5 & hnte Apostal @ Math Analysis a4 Gr-
een’s thm7 kg ¢ Actually, it ( Green's thm
) appeared much earlicr in the works of Gauss
(1813 ) and Lagrange( 1760 ) s £y, » BIER
RNE#Green's thm § Gauss 5 Lagrange t)zm?
U5 ? LR A Aup AR AR 4 o
BRI MR F
I.Gauss’s theorem
(A)a.Function f with one variable
R (%)dx=F(b)~F(a)
I 5E 8 L BB Fundamental theorem of cal
~culus.
b. two variable:i,e the above thm also
holds in two dimensiong.
T2 Ufe(%,2) +8y ( %,2)) d¥dy
= [ {f(*,9)dy—g( %,9)dx}
B TRATERR F I
Sn8v(%,p)dxdy

69

= —[dAg(x,7)dx and [[pfol %,7)dxdy
= [aaf (%,9)d
251 : P(R) is the boundawy enclosing the
domaim R.
22 s The above two theorems are both
" q differentiation is cancelled by an
integration” in the s.en:e that double
integrals of the form [[rf,dxdy or
IIrg dxdy ore transformed into integ-
rals that are only taken around the
boundary curue P (R) of R.
¢. Gauss's thm in n-dimension.
Let B be a region in n-dimensional x,
ophsenss *, space and let its boundary S
be given by an equation G(x: .- x,)=0
such that GL0in B. Let the function
at("x."'"-".)(i=1r2'---: n)be continuously
differentiable in B, Then
a

da, n
H"'fs (5;1 +...+3;:: )dx,---dx,,

:I---J’,(a,:b:'+---+ a,%)ds
where dS is the element of surface and
9xi /90 are the derivatives of the co-
ordinates with respect to the outward
naronal ,i,e’ g

XL _ G xi

EY] x4+ G,

(B)Gauss's thm in terms of vector field.
Let f(x,9)andg (x,y)be the components

of the plane vector field A.
divA=f,(x,y) +& (%)



&M °

From Gauss's thm, if we assume that u

Now we state the form as follow:
a. The integral of the divergence of a
(x,9)and N(x,p)both have continuous derina-

ives of the first and second order in the re- .

plane vector field over a closed region
R is egual to-the line integral,along
the boundary, of the component of the
vector field in the direction of the

gionR . then since

2 El
== [luu = u,v,+uu,,anda—y~( uvy, ) SULY UV,

out-ward-drawn normal . ax
( Outline of proof ) :div A=f, (x,9) + & (%,2)
= {f(%,2)dy—g(*,7)dx
=lra{f(%:9)r—8(*,5)x} ds
y=dy/ds

putting these two equation into Gauss's thm,
we get Green's first theorem as fallow:
W) [fe (Uev,0,0, ) drdy
=— [[rurvdxdy+[p » { —uv,d.+uv dy}

where Av=v,40,,is a Laplacian operator:

where % =dx/ds,

if,in addition, we assume u,, and v, are
continuous functions, then we havz
@) Jfe(usvatu,v, )dxdy
== [frvAudxdy+fs n {~vit,dx+ou.dy)
(1)-(Qwe have
3) [Jr(utv—vAu jdxdy
=fea{(vu,—uvy)dx—(vu,—uv,)dy}
the aboue formula@)is also known as

e Green's second thoarem Next, we state
S:are length of P(R) positive as the

! . . the Green's thm in 3-dimension as fallow:
direction s increase.

@) JIfr (vt v—vA* u) dxdydz’

Ifo=(u3e -0

Let t be plane vector with x-component :
5o -~ v
x and y-component y,|t|=1 n be plane a_n) do

vector coith x-component y(s) and
. i > A? =( Laplace operator )

where do denotes an element of the surfa
-ace S which bounds the domain T and o/9n

component-x(s),|W|=1 y(s)=ox,/9n,
-x(s)=09y/9n where 3,9n denotes the
differentiation in the direction of the
outward - drawn normal .

E 9x 3y
Hence [[x (fX+82)dxdy=[px (f 5 +857) s

denotes derivation along-the outward-dracon
normal.

(Notes):Green's thm for region bounded by
rectifiable Jordan curues is discussed
in detail on p.289. Math. Analysis by
Apostal. Here we expressed another

—[fzdiv A dxdy= [pAmds=[pmds #
b.with curl-form to express Gauss's thm.
The integralof the curl and of a plone vec

tor field over a cloed region is egual
to the integral of the tangential comp
-onent taken round the boundary-This

Jorm of Green's thm in 3-dimension
(See Analysis by phillips)
Let P(x.9.2),Q (x.9.2), R(x.y.%) be three

statement is also known as Stoke's given integrands, Tis a 3-dimen-"
thin in the plane.
[frCcurl Ay, ds = [, 4;ds
II. Stoke’s theorem
Gauss 58I GreensE BLA ARG 45 » ‘B2
A AR RS S8 an Givergence and intensity

of flow ( 2% p.373 reference(l)) 5EHE EZ

stonal domain, then if the functions P.
Q.R. 3P/9x,9Q,/99,9R3Z are all co-
tinuous throughout T and on §, its
closed boundary surface,and if the
surface be. taken over the outer side
of S, then
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Ifs (PdydzsQdzdx + Rdxdy)

:jj_[,(-—+ Q R}d:ai_ydz #

dx Y
TI. Green’s theorem
a.ln plane:ﬂx(curlz),,dS: jpgj,d:
s:are length of P(R)increases in the
direction of P(R).

A,:tangential component ofjalong BLR)
where 4 is a vector field, Ris any plane
region in space bounded by the curve P(R),
and(curl 4 y, is the comporent of the vcetor
curl 4 in the direction of the normal to the
plane containing R,
b.In space:

S :Oriented surface. B: vector field on a

neighborbood of S with componentd( x.9.2)

¢(x.9.2)andX(x.p.2) .then Stoke's thm

implies [[(curlB),dS=[,B,ds

—»f_[s{(gy gz)dyda(—————)dzdx

(_;;_(/v_a_gi ) dd}’}

dx 3y
= [ (Pdx+pdy+ Xdz)

&)

V. Cauchy’s integral theorem

This theorem is deduced mainly from Gauss's

thin. we state it as fallow:

if C be a closed contour enclosing the dom-

ain D and if f(2)=P(x.y)+1Q(x.y)be a
regular functron of Z=x+1y i,e,(i) f(R)is
single valueed function and (ii)f'(%)exists
uniquely everywhere in D), then [,f(2)dz=0
(Qutline of proof):Here,we only express the
related part of the application of Gauss's thm.
Jef(R)dz=Jec(p+iQ) (dx+idy)

=fcpdx—Qdy+if.(Qdx+Pdy)
=[In( —'%“~)d d]*‘ﬂ.n(—_'g) dxdy

=0+0
:0

(Note):Past IV is only a special cass, dl of

the integral thearems concerned are
discussed in Elements of Complex

Vanables by Pennisi. The following
two parts are the general case about

integral theorem.

(AICauchy’s integral theorem for a simple

closed contour.
Let p be a simple closed contour and let
Sf(Z) be analyti in on open set D contain-
ing T and its interior, Then

Jof(2)dz=0

(B)/Cauchy’s integrmula.

Let f(Z) be analytic within and on a

simple closed contour, if 2, is any point

“interior to C, then

J]

] 1 z ;
f(z"):?n_i—jci——_(é_,,) dZ wher the integral

along C is taken in the positine direction.

LLE H @10 S T 2 BB T » 154 il

VE— ke A1 10 I O » pEaR 2 R 0 SETETEIE ©

Reference:(1)Couant: Differential and Inte-
gral Calculus(Vol I.1)
(2) PHI LLIPS : Anal ysis.
(3) PENNISI : Elements of Comp-
lex Variables.
(4) Apostal :Math. Andlysis.
(5) Borisenko:Vector and T ensor

Analysis with application.
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PERASH S AT T o o »

—Pemark on Measurible Eitniclions

Lhe main purpose of this Remark is to give an an‘rwer.of the following question:
Question : :
Let (X,7) be a measure space, (Y,T) be a topologicol space and f be a
mapping from X into Y. )
Assume for each measurable function g with respect to {(X,m), (Y ,J)} ,
Bg={x|xeX,f(x)=g(x)} M. : ;
Is fa meamrizbl{: Sunction w.r.t. {(X,M),(Y ,T)} ?
Besides, we get a class of continuous fimnctions which are not measurable.
Definition: Let ( X ,7) be o ‘measure space,i 2. X be a set, M be a g-algebra in X ,
(Y, J)be a topological space. :
S: XY, a mapping from X into Y.
vIf V Ve? implies £ (V) em, then f is called a m‘ea;um_blgrfmcti«oq-
w.r.;. {(X,??Z») s LY T )
It is clear if X =Y =R (set of all real numbers),
M= { A| ACR, Ais Lebesgue measurable set}, J=usual topology in R If X=R
is also with usual topology, then every continuous function from X into Y is measurable
wart {{X,M), (Y ,..7)} , but the converse does not hold.
Proposition 1- .
Let X=Y =(0,1),M={A|ACX, Aor X- A is countable} ,T =usual topology :
in R restricted on ([ 0,1) f: XY be any injective or surjective mapping.
Then fis a non-measurable function w.r.t. {(X,7),(Y,T)}
This is a consequence of the following lemmas.
Lemma 1:If g: X—Y is measuroble w.r.t. { (X,7) , (Y ,J)}, where (X,90),(Y,)
defined as propositionl , then H 1 ( one and only one)y €Y, such that g-* ()
is uncountable.
Proof: It is obvious that at most one y has such property.
we need show the existence of such point.
Suppose no point yeY ,g™* (y) is uncountoble.
Divide (0,1)into(0, Y4) and (Y5 ,1) ,cither g*(0, 15) or g~ (% ,1]) is
uncountable, but not both, ;
Say g2 (0, Y5, let I1,=(0,%), then g (I,)is uncountable, g* (Y-1I,)is countable.
Divide (0, 4 ) again into(0,%Yand (¥ , % ), either g (0,%4) or g7 (4, 15] is
uncountable, but not both.
Say'.g“(O, 14 Yolet I, =(0,% ) then g (1,)is uncountable,g” (Y-1,) is countable ™

Continue this process, we get a sequence of bounded closed intervals 1. (0,1)
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such that
.(1) I,DI:DI'b_ ...... Ly Dearias
@ &(1,) is uncountoble, g* (Y-1I,) is countable.

7

@)y d(l,)=1,/22—-0"as n——»éo("’d" meanes diameter )

Hence we get oo

S . 2 oo oo
i, Ly=i{p} sa point in (0,1) g*(p)=gY ﬂglll):r:n] g-x(ln)) and

X-oﬁ)] g"(I,,):oL(J’I g (Y-1,) is countoble, hence g™ ( p) is uncountable,
n= n=
a contradiction.

Lemma 2: Let (X,9%),(Y,T),& be as proposition]. Then g(X) ={g(x)|xeX} is countable.
. hence g (p)is uncowta untable,a contradiction.
Proof: Suppose P is the unique element of Y, such that g (p)is uncountable.
since Y- {p} eT. then K=g" (Y- {p} )em,s0 K or X-K is countable, but g* (p)=

. X-K is uncountable, hence K is countable.

‘ Say K= {x,,%:, +++eee Xay o} © X
CiLet Y=g x:)sn=1,2, soreicn H
The" g{X):{p,_y,, Dgsivecen ) } is pountable. #

Prove prop.1:1t is clear m is a o-algebra in X. If f is injective, then each yeY,
Sf(y)=a point in X, or ¢. By lemmal,f is non-measurable. If f is surjective, then
f(X)=Y is uncountable, by lemma2 ,f is also non-measurable.#

Cor. of lemma2:Notations as lemmal. Lf f is injective, then Bg={x |xeX,f(x)=g(x)} em.
Proof: By g(X)is countable for each such g, and f is one to one, hence Bg is countoble,
50 BgeM.y »

HIF (X9M) (Y,T) as proposition]. 0 < a<1,n is positive integer, f,: X—Y defined by
}f,,(x):ag“ xeX; then f, is non-measurable, and B gem,
where Brg={x|xeX f,(x)=g(x)};
hence the answer of our question is "No". -Actually, each injective function defined
Jron X intoY are non-measurable w.r.t. f(X,?’L),(Y,j)} moreover, if X=(0,1)is
with a topoeogy as Y, then f, are continuous, but not mea;urable,#

END

Bierg i ek B R
6043 HI1H
( J.D.Chen) Purdue Univ.
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Who has seen thewind 9
Neither you nor 1 :
But when the trees bow down their heads .
The wind is passing by .
" The Wind " by Christina Rosstti.
FRUTR ) RFBBREHES E » MRFA0R FOR RO » B — B, » VORVRN.01 » FRA9EI2E » Mip
88



AT 22 B R o BRIMES 3KE Rl  IREE T HEA0E » SR E — RIS » HBER ST BOMIR » 2k B —Tm 7T
s SETFRRET L8

ey [ KR

BEEERLTOETFT »
BAENTERER » BIKEET ©
— (HER)

BRERBEAFET

BB
TR R — IR
FHEER R RNERE
B B REREIE » 400U T BECh B4 » MetE TRME R RN H § AUHKEIIE —mimsmigK

e > Afei e (38 » 18 RIFRE SR b » FERIAE LR Z2 M5 » NIRRT T 3.8 @ o

Fhng [ 7]

T MR A
TRy F A — R
S —Caodn R -
— /SN FIRE
T REMIRT —BR BB
HOE NI B
—HE 22 o BUERE —HUNNEIFIRE 5 R —BERRRO 228 » RAGE — ORI o —ES% iB7F R
BIR ~ —ME A BRI EL » ARG — M FIRLIES o
ffafify ( In the station of the Metro )
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