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Rt B E A BRAR o ReBI M B E B LR ER e 9 Bla , LAKF—nPEHM

T 2. MEEGS HEMA

FREBST HEAX (0.D.E.) x'=ax , EBERKFDAERAALBIRR ax 7 F AOH
BARUBIHERR “e"c o e R—FE” . ALE—BEERS HER x=ax Z|ME e)=ct
EEHR, e R—EH .

RERMEZ BRI S50 FEMAWT :

X1'=ban(t) X, + an(.t) Xg Foeeeeee = am(t) Xa + bx(t) .
Xo'= a9 (t) X1+ aze (t) X+ oo+ apm(t) xo + ba(t) .
Xo = an (£) X; + ans(t) X +or oo+ 3ua(t) Xa+ balt).

st SCIEYE 5% 5 7
il ] oA an) -+ aunlt) % | bt
Xg' i :81 ag(t) azg(t;)_-"' am(t) X2 + be(t)

R ani(t) ano(t) =- am(t) Xa ba (t)
ﬁ;ﬁ#@i‘?ﬁﬁﬁz
CLD X=A(t)X +D (t) . . »

ED()=0 B (L)RXK
(LH) x'=A()X.



% b(t)=0 B ARHEHE:
(LCHC) X' =AZX.

BRBEMAERLE= KEPEFEEEH’J(LHC)K B —ME (LHC) Z2@E &~ ¢ Wk it
CREBAR . HREAR G o ZRHBER ? WA (L) RZMXZEAER ? Eit 2RM
EEHE®RD o

EEl. HWEMEHO , EHR/O (1) =[] YW =_{[¢}, 1)), EFRERHRE
FE

EE2. —nﬁﬁmw‘ﬁ FEAX=0WR (L) Z#® , IRFEa K b EEHE—
te€ (a,b), ¢ () =ACt) F(t)+ D).

E&E3. WREi=1,2, -, n, )= out) | £

©au(t)

Sonl&t)
(LH) 89—, Al0(t) = (¢, (D) , & (LH) W—EEMERE , (M.S.) TR ., Gy
HEEBEREET , IO (LH) #—EEALEMMA , (F.M.S.)(fundamatal matrix

solution ) .

EAEHE1B. 402 (LH)®W—MEM.S. HBI®L (LH) g9~@ (F.M.S.) & HMEHFE
t€ (a, b)) ERO() ZTFA TR0 B det (O()) =0 . _
EAEHEZB. zzu%A&ba;(a,b)ﬁaﬁﬁgﬁ BHE—toE(a,b) B X ;5 M~ (L)

2B S(t) =%, -

EAEH3B. MIOR (LH)W—MEF.M.S. BEXZ (LH) f9—1M@ M.S. , QIFE—F¥8E .
[ECHEHBX=0C .

WE1. 4O (LH)W—@F.M.S. HR (LH)W—M®, B4 X=(9¢,0,,0),
R 3 BAEE—HMERC , 8 X=0C; g FE—%NARCHEF=0C, Fit, (LH) Z
BB —n EREZEH

WE2. WLRHFA (L) 2M , MEL—E (LH) # F.M.S. @%ﬁmz;@mummk
FMREG® (LH)#R®TT o

EE HAZ (a,b) REE, E'J??ZE——(LH)E’JFM S.
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: BH:Ei=1,2, -, n, P CREMCEM] h% i FZAR, B4 to(a,b) , BEK
®i=1,2,,n, H2B THEE—FEE—MR 0 6 ¢i(t) =61 o Al ©()=(71), Pat) - $a(D))
‘2 (LD #—@E M.S. . B4 det(@(ty))=det (I)=1=0. ,H1B @O (LH) B—M@E
F.M.S. -

%% 1. Ei’j=132:"', n, %s:;%“ﬁ&oﬂﬂﬂﬁﬁﬁlﬁz’ﬁﬁs ;ﬁ€ S-(H)ZESU(D)JO
B2 —HEERHSKKEL=(I,), S>L, ME%i,j=1,2,,n, siy— liy»

3. 4SE—MHGME P, HE—, BMERS P00 =%f SO L B 3 S G0 KK
fee) i 0
ZL ; %‘«'S(k)=L AT e DS

4. BR—EMA , 0 BRI SH %‘"Ak /Kb, B A=I;

Bl e*“=1+At+A%t/21 + A%t/ 31 +-oovee .
EE HEBAR:t, & BEK,
FH: A= (ay) , a=max {|ay |1, j=1,2,  , 0}
B=(a) (F—EEEB2ESa ), SK=At/k!=(sy® ), Tk =Bt*/k! =ty (k)

HISE— KRBT 1, =1,2, 0, |00 | < ty(K) , BIRMFAR AR Z Tao .

HEmMB'=1,B'=(a)=a(l1),B*=a%(1)?*=a?’(n) =na?(1)=na(a)=naB; 4
B=n“ta"! B= (n*'a*) , RREE—k B i,j=1,2, ,n, & t,*=n"1d¢/k | ER“ K
HIFRE: ” (Ratio Test ) , HMBE ty(k+1)/ tiy(k) = n*a*™ t** k1 (k+1) | n*'akth =
nat/k—o Fk—oo , Filf; e RIKKHFTAAR t o ,

WE AR CHREY N—EE MERL. AR e hE— R —REME s RAT M
BIEWS TIB FHRR o '
Bl : d(e*)/dt =A+A%% +A%2/ 21 +A*tY/31 +--- /

=A(I+At+A22/21 + At/ 31+ ) =A e,

EE (LHC) ¥'=ARf—E F.M.S. RO ()= e,

B R "R (LHC)fy— M.S. TiH det (e*®)=det (D0 , Ffll e* £— -
F.M.S. ,



Fif (LHC) &R e CEMYR . BAEMI T —HHRH A NRERBOKRE o S
FRK—ERER e B .
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Bll 4A=(a 10 EIJA°=I,A'=A,A2=[a2 2a 1
0 al 0f " ati 2a
00 a LO 0 a?
A'= [a® 3a® 3a | HIBEEMED A*= [a* ka*' k(k—1) a**
al = 3a’ 0 a ka*!
0 0 at 0 0 a*
RE  e*= [l+at+a’t?/21+-, t+2at?/21+ 32}/ 31+, t¥/2+3at?/31+12a't*/2:41+ - I
UM ARRMTTNE
0o i i
e ite®  tRielE 1408 6 ot
— 0 elt tent — ea.t 0 1 t
0 =20 e 0 0 1 '
B2 MLUHESA=[a 1 0 0 -weonee 0 , REAEM
0 a 1 0 ......... 0 ¢
............................ I
Ol O 0 a 4
eM=et* [~ t Yy eeeeer t>!/ (n—1)1
L 3 A S T 7B
(0] \\\\'\J *

EE ROZHANEEABERESEMAMER . ( Jordan block matrix) .7 HA# (
—HEREBEEVEMES—SE4EM ., ( Jordan matrix ) .

main diagonal.) .k,



1 050 0 0 0| R—BEEE,
2 110 0 0 0
s9-01210 00T g
B t00li0 1 B 00 a0
QG050 D b ol 10
5 B ‘8. 0 070 &1
08 0 9He%H-5 \
R4 A= [ B ) , B A* = ~Bf_1!____ [Hres = _ei'_‘{___l
ol 3 |
D! I R

wE—OIFRRMA TR, EAR—SEEER , RMONHANESR . ARMREHMHHEY
 SEn(ToR ? BEEMER MR EAIRERE E —EREENSE -

EE (BEEE ) HME—EMA , EFEE—JER{L4ER P (nonsinguler . matrix ) 5
PHAP B—8B%4o.,. (B%(3]))

EREEETLIAZK ' , EATE— 888,

EE 4PR—ERMLEME MYR V' =P'APYy —@ F.M.S., AIPT X' =AX &
—f@F.M.S.. -

B/ VURy =P'APYy —@ F.M.S. AIFE t 65 det (T())+0 ,
AU'=PAPY , RIFFZ t #8 det (PT(t) ) =det (P)det (¥(t))+0 , B (P¥)' =PU'=
APV ,H|PUR X'=A% #—f@ F.M.S.

EH - S PRE—IERIER , FINFTA t KA, et'= Pet™Wtp-t

BY gy =PUAPYy y— F.M.S. ,H| P4 2 X" = AX #y—f@ F.M.S., HI
FE—EBEECHEBHATE t, P =eC, HI(4t=0), P=C;

Bl eft=pPef'4pt |

WE EREN—EHS FEACESRFAMNA T —EEENER . ZAERE —EEHFEH

CX=AXCHRBRHEMER—EEP (A8EEE ) , TP 2H AN E ( eigenvalue ) FRKEE,
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3. ERREHR

£ P AP B —@¥EEM , HPS—IHB(L4ER . B O=Pe" 4" PPi=P e ** £ (LHC)
X' =AX ®9—@E F.M.S. ,AO®F (LHC) 2— F.M.S. i (LHC) 2 MEHO%E , AH
RZHEERERD , PAP W A%EHE ( diogonal member )& AR4EEE , BOWHE~FET
FIF A o

¢=Pe* |0 A AR —EHRIE

0
t®/m |
t™Y (m—1)!

o OO I et
.

0

HHLRSEEERER AR E—6E A —BEBEH EM P AP 2F (order ) , flRE; Az
EHIRO0 , B Re(D < 0 AIGg—0 % t —oo; A ZEEARO , BIRe(D) >0 , Bl FR KR
( unbounded ) , & t —co ; fl m=Re(2) =0 , Al ¢ & —HHAKE .

B4 AR—EMEY L T KB B % BHE— KRk 5B R ( lineur homogenous system )
2% : ' :

(LHP) X' =A®X. p

EHE (Tloquet) HFE—EAERRE PLUTRBEHEUBRSEHEE, 658 (=P ™
£ (LHP)Z—M F.M.S. (8#%#(5)),

FSEMMUL , % BALEAI ( LHP ) Z R EstAnE , # BAUSIESINM (LHP ) MREGEK (
characteristic exponents ) WG HUBESFEMEKRERLEEM TMELEEALEM .. (B
H250 40 LHP) E@iﬁ%ﬁﬁ&ﬁ&"‘#ﬁﬁ%ﬁ ( nonlinear systems) BIBEIMERE , (8% (1)),



] 4. BEEH

SHmEERXREENRAH—ABRE (5] F,

(1) Burton, T.A. and Townsend, C.G. “Stability Regions of the Forced
Lienard Equation ”J. London Math. Soc. (2),3 (1971), 393-402

(2) Cesari, L., Asymptotic Beharior and Stability Problems in Ordinary
Differential Equations , Academic Press, 1963-

(3) Hoffman, K. and Kunze R. Linear Algebra Printece-Hall 1965.

(4) Pontryogin, L., Ordinary Differential Equations. Addison- Wesley , 1962

(5) Wilson , H., Ordinary Differential Equations , Addison- Wesley , 1971.
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4 SylowiE# , #GR—ARE,
|Gl=p"a & (p",a)=1
B, IGHELE—RBb™ ZF8, BHR0"
ZEBZFREIIE , SFTataRERP. Hall &
H, ETVREZHRab R(a,b) =1
, BIGhZEDE BB azTF#, AR azeE
B TR,
EE1 NG, A ARTHE:
G=G,DG;DG: D -DG.={e}
MG: AGi-1 % Gi-, /G, BER{HEEE , B8G
R AJf#EE ( Solvable group ), Rti=1, 2
, s, e RGZATLR
EFE2 RHEBGZTH, FHRE—R
¥ f: G—G _
BE f (H) CHE , BHEGZHEFH (Char-
acteristic subgroup ) ,
EHNE—FRE
LG ———=G
B4 £ (H) CHE: , BHRGZ2TE T (

Fully invariant subgroup ) .

HIEER, MEHRGZ2T8TE, AlH

RGZEBTHE . GZE—EBETHARGZE
8] ¥ ( Normal subgroup ) .
511 HHCNAG , BHRNZE#TE#

HER
, Al HAG
FHHBNZEETR, #HAN , ELHA
NAG , BRgERRE HAG , SRR
f: N—N
f(n)=g"g™ , e €G, (g"g"EN)
e, HIKREEh€H , BF
f(h)=g"g™* €H (R{(H)CH)
B g°g’'CH

\

»

i HAG

312 RER—#G, HlZ (ORGZHE
T

=

£% G "
BEE—RAE, Z€Z2(G) , g€GH
fi(z)=1(gzg"t ")
=f(g)f(z)(£f(g))™"
HfBGHEGEAME, f(z) €EG, B
HBf(z)ezG)m £f(Z(G))CZ(G),
2|3 BRCGRALRE, AIHE—EA
p=Sylow FEHHRG 22 E T8
F £f:6G—G
BEE—FRE, PRGZEA p-Sylow &,
Bxecp, AIBEREZHr (r>0) xZ
FERp", f(x)ZRBp 2B, ¥ZRp"



S YRiGHp H2FHH, REHR p— FE#,
HENaRE—p-Sylow FEHA
A PAG
gpg™ =P, g€G
B G & p~Sylow FEBHEE , p 23t
MBS gpg™', #GhZ p-Sylow FHRP—
A
f(x)'eP
B f(Pp)CP, mpﬁcz%ﬁéﬁ
E%3 BNREGZERAITFE, &
(1) Ns#4{el
(2 NARLEFERGZIERTE,
BN S G ZB/NEAIFAE ( Minimal pormal
“subgroup ) .
514 %7@2%@%@* F—&K/DIEA
FENRE— pﬁo
. BN SNZz#HEGFE ( Commutator
subgrdup ) , BO 2
N CNAG
4 f:N—NRBEE—FE, xEN’
X =a 'b ‘ab .
f (a”'b tab ) = (f(a)) ™' ()™
f(a)f(b) EN’
f(N’)C N
BIN’ BNZ27 8T8, H35l1 , AN’
AG .
HN%GZE¢Em?ﬁ NWN N B
= le}, ANBURHEGZFE , KNR TR

B, Al

N’ #N,

EEN'=N, I (N')'=N,
SRR, WBFE . B

N’ ={e}

mE, ANSHHE, RE—AREEET
£ B Sylow B P% 2E® ( Direct product
% o

I, %N

BN S8,

# PAN

#313, PENZ2ASFE, G131, 4
PAG

RKRENBGZ8/NER T8, AIHNR-p-

Sylow FE . '

WNRp#,

i, RCRAME, H¥Bab, A (a ,
b)=1.AIGEAEHaRZ—TF8, &R
a ZAEE ZFRHGIE ,

B R|G|LABREENRZ,

& 1

?& HAG&IH |_=a.b, 3 a1|a ab1-|
b, by <b.

HGBUM®E, HAG , IG /HABTH
ﬁ(ﬁ"lﬂ%\ﬂu%%) 5

ab

a;by a; by

Z—E@RIG/HI=I‘GI ,EUIHI=1
» HEREEBIL o
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HIG/H|<|G|, HEMEZRK, (%,%):l,AH/H&AlH/Hzmﬁ '_
%IG/HFEJ‘&%Z— 2 —FE,42BA/H A xab 1 )
G HBTEE , WA/ HFRTRE, BMAR b a A

B|IG/HI|<I|G |, HREfEZBE,
MAH/HEA H/ H 3 .

GZHBTE, HER

2 aby=ab,<ab, (a,by) =1

o A x€G/H (X=xH)@E
(A)EFHBEWEEROMAPERBSa 2 TH . A fAH/HX™ =A,H/H,
HACGHEIGHEAERB aZTH # acA,¥a €AF

REARA ABRGZafhiTE#, 4 X aHx™! =a.H ,

k= |AH| Bl xax"'H=aH
B k| abi, xax '=ah, (¥h,EH)

- XLLA/HNA AH/H
# k||Al|H|, B k|aab,
(a,b)=1,# k|ab,
M Lagrange E# , 4l
(AH:H)=|AH|/|H],
(AH:A)=|AH|/|A].

#Hfk=|AH{ "ia k#Ha,b, BRF, &
a lk) aiby I k:(a ,b)=1 ’&abl.

| k HE
k = ab, ,
£ |AH|=ab, ,
AE |AH| =ab, ,

 SHAG, ARGZTH# , ®RAHRGZF

B, B

AH/H %k . A,H/H
BRG/HZTFB R G/H| =

a

a;

b
bt

Xa =a;h;x
FZheH,

xah = a;huxh

)4 1

= a,hyxhx”
= arhih,
(xhi'=hc H , HEHAG )
xAHx™ CA:H,
RE acAHlEXacARE
aiH=xaH X!
A1 aiH=xax"' H
a, =xax'h, (¥h,€H)
4n€HAla;h = xax™ hsh

1

xahx”

=xahgsx~
(hex™ =x7'hsh , BKEHAG )
AjHE xAHx L o
=LA



g

xAHx™ =A,H

ENAHE A, H3tiE
SHEX, xAxT' R A, ARTHEFHA HZ
FHABABa , AL |AH|=2ab, <| G | (
a,b)=1,HEREZRED xAx™ H
A, HHE, RxAxHASIE, ARA, FiE
o MEHTH—EHEY .

EHRGZHE—EIEAIFH, bXH( | H |
= aibys, <@y | @, bi [bsbs< b ) K., HHE]
BE—EHY . ARWNRc2B—EEAEHE
Ab |HI,

EHRGZ—R/ANEHIFE, H54 , sH
B—pB., BHREEHD . &

| H|=p", :

HWb|1H|, #& b|p™, Ak b= p", &HH
b%p™ , filgn b=p™" , Al
|H|=p" = pp™™*

= a:b
fp=a, WpABa , b ZAKN, HA
FE o
fBb=p", 4

lGl=ab=ap“‘_ (a s =p ). =4l
|H|=p" &% p™=b, H#HRGZ p=Sy~
low¥# , RHAG , i HBG = R p -Sylow
FE, EH B%—p-SylowT#HIHEH, 3
W, RUXxcGH
S H = xHx
RHAG , #H,=H, BN Z FEERMHE—

114
- %2 bl|lH|, HRGZME—RNEATF
BZEUNL | H] =p™ o

RGRARE, GZE—FATHE (B{e

P ) BEBEGH—RINERITFE, #G2E—
REMFHENESH ,

 SK/HRG/HERNENTH, B34
, MEREAB qE

| K/H| =q" *
# |IK[=p™a"  (p,qHHE)
4SBKZ—q—Sylow T8, |S|=q",
4 N* =Na'(S).

R, SEZHERIN | =a .
SRt G

e}

Bz N = Nu (S)

EHNS = {e} , HSCK
- |HS | =|H| |S|=p™q"=K
#HHS =K
HK/HAG/H , ®KAG , RHUSCK
, WHRExGHR
xSx™* CK
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{xSx™!'|xeGlH,F—xSx™ BB
Kz FEAHRERS , 4C=(G: N*]) A
=Gl N*)
—EK N
ELHS N°)

= (HN:N) (N=Ni« (S) SCN)

S H N
:[H‘HON](EIHNI:TEHTTT
EHEHEBHHNN={e} ,HIC=|H|=p"
= [E AN L
ab ab™
i PR
p p
sEzE EIBSHONN= e}, EBHTS
W el
12 HONGE Z (K)
23 Z(K).= {el
%Et1° %, FxeHNN, kK, KK
—HS#¥H*heH, ¥seSHk =hs, AH
BGZR/ANEAITFH , 514 Z2EH , MHERE
a8 , &
xh= hx

N

(x, heH)

Mx tsilxs =(x's ix)s

RxeN,N={xeK | xS=Sx} , 8
x 's'xeS , #%

x 'sTlxsEe S
-} x7'sTixs =x"'(s7'xs) €eHR( HA

G) ;

# x's"'xseSNH

H SAH={e},

i x's'xs=e
Xs = 8X

xk=x(hs)=(xh)s=(hx)s=h(xs

)=h(sx )=kx

B xeZ(K)

Bl HNNC Z (K)

2° Wwz, ER/HZ(K) = le},

RZ(K)CKAG , #5112 , MZ(K) RK

TR 311, BIZ(K)AG , & Z(K)
Aie} ,AIZ K)LBE—R/NERTFE, &
HCZ (K)gs
HK=HSKHCZ(K) UBEHSAK :
®HseS, keK H
ks k= (Chsh9) s (hs; )t Cl'=hs )
=h(ssssihn™
=his's'h NS s= shisisiiil)
HWss €K, heZ (K)
hssh™! =s3
Blhsk™ €S, HSAK , B3| 340
BISAKAG , B SB q-Sylow F#, i
SBKZR2A#FH H511,HSAG, &
HeS
HIHN S =1 e’} .,
HBFE, 8% Z(K) ={e} o
B, RABGH a 25 T8, dapa
al IAxKl:
S KA KL,

®



# p=a" |lALK]

AL p"=Db , &

a |[laKl, -

{b [lAKI, (RgtCa, b)=1)
A AK=G ‘

B TEEZ :
G
K
A
AiNK
BRKAG ,

4 #HG,/K=A,K/K2A,/A;NK
14 IA:KI [AtﬂK l :IAx l lKI

abg” 2

Sabrt -

R SEGZ q—Sylow F# , EfR q" K
AN KBS 3HHE ’ ‘
HzAHegeGHEANK=gSg™"

Ne (AiNK) ={x€G | x(A;NK)=(A,
NK)x}l={xEG ngSg"#gSg"x}= {x
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Multipliers on Some Topological

Linear Spaces

Prepared by Lien Ming-Chiao ( EBAfE )

1. Introduction and preliminaries
Section 2 is the main part of this paper,

This paper contains three sections.
iS; Let G[

in which we prove a theorem related to isomorphism problem ; that
‘and G, be locally compact groups with left Haar measures, T be an one to one,
bipositive linear transformation from L”(G;)onto L°(G;),1<p<co, and T(f*g)=
Tf*Tg whenever f*¢€L°(G,), T (f*) =T f*T™'g whenever f*¢EL? (G; ). Then

G, and G: are topologically isomorphic. In this section, we set out some not-

ations and definitions which remain standard throughout this paper.

152 S L*ESpaces ("l < p<c0 )
Let G be a locally compact group with left Haar measure dx.If G is compact,

dx is assumed to be normalized so that Jo dx=1. If G is locally compact

Abelian, we denote 6 the dual group of G.
Let L*(G),1<p<c, be the Banach space of all p—th power absolute int-

egrable functions with respect to dx, the norm of L?(G) is given by

1
P

Hele=0tl, =0 1160 [ axI” |
and I[*°(G) denotes the Banach space of all essential bounded functions and

normed by
[l £l 00 =[floo =1loc. ess. sup |f(x)]. )

Denote by Co =G, (G) the space of all continuous functions which vanich at

infinity and by C.=C.(G) tha space of all continuous functions with compact

supports. The topology of C, is the topology of uniform convergence defined
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by restricting to C, with the norm || |+ The topology of C. is the topo-
@!ogy obtained by regarding C. as the internal inductive limit of its subspace
Cax={f€C, ; supp fCK},
where K ranges over all the compact subsets of G and each of C.x being regarded
as a Banach space with the supremum norm.
We define the left and right translations by
T, fx) = ftartx )i,
0 f(x) = f(xa™") .
1.3 Convolutions
Let M=M(G) denote the space of all complex regular Borel measures on G
with the weak topology 0 (M, C.), and Msa = M»a(G) be the subspace‘ of M formed
of those measures # such that ‘
l2l=1a]l(G)<e.
For the space Mo, together with this norm, is the dual of Co. Mv* (resp. Mz?)
denotes the measures #EM such that || #*f || ,< const. [ f]l, (resp. || f*«]» < const.
Ifllo) s for all f€C.. If 2, x=M(G) and for any Borel subset E of G, we
define
I*ﬂ(E): f5 cp CsTHED) Id F AiED

Convolution of function f and measure #' by

V f%u (X)i J'GA(y) fCxy=t) duCy)

.

and \
‘ ;l"'f(x)z J'G fCy?x)dz iy,

where A (y) denote the modular function.
If f, g are functions, we define
f*g(x) = IG g(y™x) f (y) dy.
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clearly,

) — *
GG i¥ed) = t.ffe, ' »

p. (f*g) = f*0.g.

1.4 Positive mappings

A mapping T from a function space into a function space is called‘ positive,
if Tf>0 almost everywhere whenever f=>0 almost everywhere. If T is an one
-one onto mapping , T and T™ are positive , we call T bipositive. '
1.5 Multipliers

Let G be a locally compact group, X,Y be topological linear spaces of func-
tions defined on G, then a continuous linear transformation T from X to Y is
called a left ( right) multiplier for the pair (X,;Y) whenever T7.=7.T(T p,=
0sT) for each s€G. If T is both a left and a right multiplier, then we call
simply T a multiplier. )

We denote the set. of all left (right) multipliers for (L?(G), L*(G)) by
M, (L*) (resp. Mr (L?)) and the set of all multipliers for (L?(G),L?(G)) by
M(L?), 1<p<eo.

Denote by M, (L?,L%), M(L?,L%) the set of all left ( right) multipliers. for
(L?, L%), M(L?, L%) the set of all multipliers. for (L?,L%),1<p ,q<e=.

2. Isomorphism theorems relate to multipliers
2.1 1introduction (s )
" Let Gy and G; be locally compact ( Hausdorff ) groups, and E{(G;) denote thg

function space over the group G . ]

The isomorphism problem consists of} that at what conditions on the mapping
of E(G,) onto ‘E(G;) can deduce to the isomorphic topological groups ‘G; and G;.
First kawada (5) proved that if there exists a bipositive isomorphism of L!(G,)
onto L!'(G;), then G, and G; are topologically isomorphic. -

Wendel (10)(11) proved the isomorphic groups from the hypothesis that  if

«



17
there is a norm nonincreasing isomorphism of L!(G;)onto L*'(G.).Later Edwards
'(2) consider the situation where the groups. G ( i=1 »2 ) are compact and there
" exists a bipositive isomorphism of L?(G;) onto L?(G;)( 1<p<co) and proved
under these conditions , the groups are topologically isomorphic. In Edwards(2),
he asked whether the compact groups G; and G: are necessarily isomorphic if the
bipositive is replace by isometry. The affirmative answer to this questien was
given by Strichartz (9). Further, Parrott (7] proved the question for . general
locally compact groups G; and G: under the isometric tranformation of LP(G,)onto
L?P(Gy) (1<p<c, p#2 ) and some additional conditions which are necessary for
the Lebesgue space L”( Indeed, L®(G) needs not be an algebra if G is not comp-
act ). We ask that whether the Parrott’s result holds if the isometry is repl-
aced by bipositive. That is the same question that in Edwards (2), whether
the locally compacf groups G, and G, are necessarily isomorphic if we assume
that there is an injective bipositive linear mapping from the Banach space LR
G,) onto the Banach space L?(G;). For this purpose we give the affirmative an-
swer in this paper.
~ Some another isomorphic problems ‘were given by Johnson (4), Gaudry (3) and
Strichartz (8] .

Johnson (4) showed on the bounded regular measure algebra under the isome- -
tric isomorphism. - Gaudry (3) proved on the multiplier algebra M (L?)1<p< o
under the condition of isometric isomorphism and bipositive isomorphism.

2.2 The main theorem
For convenient, we state the following
Lemma A: If T is a positive linear transformation of L?(G,;) into L*(G;)
(1<{p<{e), then T is continuous.
Proof : we give the alternative proof of Brainerd and Edwards (1) as

following: If T were not bounded, these would exist {fa} in L*(G,) such that
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ko <1 and | Thl, o 20 . ¥

Since T is positive, | Tfa|<<T | fa | , and so we may assume that f.=>0 . The

oo
series f=2 .n? Tf converges in L?(G;) and f.< n?f, we have 0 <Tf.<n® Tf

=1
and s : .
L £ 3
T, 2 1T6L 2
implies | Tf |l o 2 n which is a contradlctlon for n may be largée enough.

We shall need the result of Brainerd and Edwards (1; Theorem 3.5 ) later,
thus we state as following.

Theorem B: If T is a positive linear map of LP® into L® (1< p<(eo) which
commute* With- 0. (resp. 7.) , then there exists a positive #EM.® [ resp. Mz® )
such that

Tf=p* (resp. f*)
for f€C.; if p<co, the above identity holds for f&L?(G). And conversely.

Now we-are going to give our main theorem as following.

Theorem: Let G, and G: be locally compact groups with left Haar meas-
ures , Let T be an one to one, bipositive linear transformation from L"‘(Gl)
onto L*(G;), where 1 <p<co, and satisfying T(f*g) = Tf*Tg whenever f*g&L?
(G,) and T™*( f*g)=T™"f*T'g whenever f*gEL"(G:). Then G, and G are to-
pologically isomorphic.

Proof of the theorem :

As T is an one to one linear mapping of L?(G,) onto L?(G;), it is imm-
ediately that T p. T is a linear operator on L*(G;) for every a€G;,.

If f,g€L"(G;) and f*gE€EL*(G:), we have (T@T)(f*g)=TE. (T {*T g )
— TiET L 50: Tty — (5 Tpidl=t g

And for bEG,,
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ZaG Do T (1%g) =it *Tio. Totg,
and '

G, T4 iz, (2 )= G Tos B3 Coviflig) = ouf (T o T2 g

Therefore,

7 (TP T™) (%) = (T T™) 7 (£*g)
whenever f*g€1” (G,), where a€G,, bEG;.

Since C.*C. is norm dense in L?, we see that Tp.T™ commutes with left
translation for each a€G,.

As T and T™ are positive linear transformation, we see that T and T
are bounded by Lemma A. Hence T 0. T™ is a bounded positive linear operator
on L?(G,) which commutes with ¢, ,b&G, . Then there exist positive measures
L, vEMg (G;) such that

(Te. T™) f=1f*p for. S LYCG:Dr;
and

(Tps1 T™) f=1f*v for fEL?(G;).

( by Theorem B )

Since

CTPPAT™S) (Tp. T2 =1 *nu*t v for f€L?(G,),
and

(TPt TH) (T T f=f=1%0, for fELP(G:),

We have
ity =0y .

Next, we prove ¢, v are Dirac measures.

Suppose that b, and b, are two distinct points. of .the support of #, c is
a point of the support of v (b;,b; ,cEG:). Since G, is Hausdorff, we can
choose a neighborhood U of the identity e; €G; such that b,UcUNb;UcU=4% .

choose a function ¢EC.(G:) with O<¢ <1 such that ¢ (e;) =1 and support € U (
by Urysohn 1emma ). Define.
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=0ty ) + ( T, ),
w=(z. ¢ ) v
then #,, v, are positive , nonzero measures , and it is obvious that v, < v,
gy <t 5 and ' '
Lmr*u< p*v=20,.
But #:*v, is a positive measure with at least two distinct points bic ,

bsc in its support. We can show this by the following :
2 *v;y (byc) = _I'G vi(y™ bic) dg, Cy)
2

= vy (bi* bic) gy (by)
= by )iviCec)
MR 1 P
Similarly , #1*vi(bec) > g (b)) v(c) >0 . R
Since 0, has only or'le point support, it deduce a contradiction.

Therefore-#, v are Dirac measures.

Let 0.(x)= 1 if x=a
0 otherwise ,
then £*0, = paf.

Since ¢ depends on av, we denote the support of # by A (a) and the mass of
# by A(a), then A (a)EG,,and

fru=f*2@)8A@) =2 pA@)f.
Hence we obtain

(Te.TH) f=2(a) pAa)f,for fELP(G:) -
Since Tp. T™ is‘a positive linear operator, 4(a) >0 and A is a mapping from
Gip'to ‘Gy: :

It remains to prove that A is an algebra isomorphism and a bicontinuous
mapping from G, onto (6

It is obvious that A and 4 are homomorphisms. Indeed,
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AGab) Pravy £ = TP T £= ¢ Tpa T°4) CToy TH) f
=2(a) guay A (D) 0.1, £ = A(a) 4(b) Ovcay Ouby £
for every a, b€G, and any fE€L? (G;)

If we take the norm || * |, on both sides , we obtain

2(ab) = 2(a) A(b)
and so

Oncab) = Orcay Oned)

We want to show that A is one to one and bicontinuous.

Let e; and € be the identity of G, and G, respectively, and I, , I, be the
identity operators of L?(G;) and L?(G.) respectively.

Suppose that A(a)=e; , aEG, , then

Te. T =12) g ,= 4 (a) I,
and po=4@) I,, 2(@d=1,a=¢e; , 4(e)=1.
This shows that A is an injective mapping. Actually A(a)=1 for all aE€G,.
In fact, if 4(a)>1 for some a<G, , then by the reason of homomorphism 4 ,
we can find a sequence {a.} in G, such that 4(a.)>n, and since

ITH ey I IT* 1= I TR, T = | n oyl =n ,
We get

ITIIT] >n.
This is a contradiction for sufficiently large n, since T and T™ are bounded
linear transformation. Therefore, 4(a) <1 for any a€G,. On the other hand,
if 2(a)<1, then 4@ >1, for a€G, . This shows 4(a) =1 for all a&€G;.

Now we show thatAis bicontinuous. For conveneient , we give an alternative
proof for the continuity as Wendel (1).

We observe that Ais the product of the following mappings :

My "a—p , a€G

Mi: oo Cos Tt =Np "8 Vae G,
=p.,' (set A(a)=a' , then a’' €G,)
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M; : P.'—’a' 3 a'EGe .

Evidently M, is continuous in the strong operator topology in L?(G,)1<p.
<o . We now prove that M. is continuous.
Since T is bounded, If p.—p, in the strong operator topology, then

| Toa T f—Teo T f ], <| T l@aT*f—p@T f],— 0, for fEL?(G;).
Hence Tp. T — Tp, T™ in the strong operator topology, and M, is continuous.

Finally, we prove that M; is continuous . It is clear that M; is a hom-
omorphism of groups of operators {@.'} onto Gz . Let V' be an arbitrary neigh-
borhood of e: E€G;, we shall construct a strong neighborhood of I, whose i’mage
under M; is contained in V’. If we can‘do this , then M,; is continuous,since
M; is a homomorphism. 5

‘Let W’ be a neighborhood of e, having finite measure 0 and satisfying W °
W™MCV. Let x'€'°(G;) be the characteristic function of IW', we shall show
that if | @'x"-%"lb <."¢, then a €V. In fact, if a’# V', thenW NW' d= ¢
and WNW’'a'"'=¢ , since for otherwise W'a’'NW’ # ¢ implies that there exists
x such that xEW'a’ and xEW’' , xa'EW’, and so A )

GxaF ) xEW P W eV aeV ' ;
this is a contradiction , similarly , W' a’*NW'=¢ .
In thisvcase ‘ , 5 #

beex'=xlo={J, 12 ™=z [? dx}” =Clec ' lB+lx' 3P =20,
deduce a contradiction. K

1t lo. t—fl, <276 , £€L°Gi), then | w2’ — 2"l < 27 6, where

%" 'is constructed as above. So if || oy f—f], < 2%5' for every fE€L°(Gy), -
we ‘get A€V’ from the above discussion. '

This shows that for every neighborhood V' of e; in G:, there is a neighborhood
V of I. in tme strong operator topology such that the image of V wunder the
mapping M, is contained in V’'. Hence M, is éontinuous- Therefore A= M,
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@M, M, is continuous.

At last, we prove A is an onto mapping. If a’€G,, evidently , T p. T
is a positive linear operator on L°®(G;) which commute with left translations
by the same argument as done above, So there exist a& G, such that

Ttps T=ps »
and :

T 0a T =00 = Oy(s)

That is,

a’=A() .

This shows that A is an onto mapping . Hence the inverse A™ of A from G,
onto G, exists and. continuous. !

From the above argument , we prove that A is an algebra isomorphism and
a bicontinuous mapping from G, onto G. . Therefore, G; and G: are Topologic-
ally  isomorphic. Q.E. D.

3. Additional remarks

Remark 1. Whether the isomorphism problem holds for the space L°(G) for
general locally compact Group G is still open. Note that if G is compact, the
problem was given by Strichartz (9]).

Remark 2. The problem for isomorphism that are neither isometric nor biposi-
tive would appear to remain largely open.

Remark'3. Assume that G; and G; are locally compact A'belian. M(L? (G:)) and
M(L(G;)), i=1, 2, have isometric and bipositive isomorphism between them ,

where l+ 1= 1 . Use this property , we can extend the result of Gaudry(3)
such that if there is an isometric or bipositive isomorphiém from M(L?(G,))
onto M(L?(Gz)), % - %=1 , ( p.q=+2 for isometric case), then G, and G

are topologically isomorphic.
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Remark 4. Assume that G, and G: are locally compact Abelian groups. e

M(Co(Gi)) and M(Gi), i=1.2, have isometric and bipositive isomorphism
between them. If there exists an isometric or bipositive isomorphism from
M(Co(G,)) onto M(C,(G:)), then G;and G; are topologically isomorphic.
Remark 5. Assume that G, and G: are locally compact groups. M(L‘((\}x) s
L?(G:)) , M(L%(G:), L°(G:)) and L*(Gi), i=1.2, have isometric and biposi-
tive isomorphism one another. We can extend the result of Parrott (7) and the
theorem we just proved such that if T is an isometric ( resp. bipositive ] iso-
morphism from M(L'(G,), L?(G:)) onto M(L'(G:), L*(G;)) or from M(L®(G,),
I°(G,)) onto M(L*(Gs), L(Gs)), p-q#2 , 1<p . q<oo( resp. 1<p<eo) ,

then G, and G; are topologically isometric.
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BB RS 1— LR R

HAXR AKX

L. B(Q, B,P)BELRE, SRREEM, {X:,t=>0} &S M markov process (B
I E—%k# ) ;
(1-1) X. HuieB& B ( transition function ) P (t,a;E ), EER
; P(t,a;E) =P [X:€E| x,=a}
t>0,a€S ,EEF(s), HHEEWE, P(t,a; E)R(t,a) HTHKE , HEE
#(t,a), P(t,a; E)RS FWMABRE, P(t,a;E) ik
Chapmam-Kolmogorov 5=, .
(1-1-a) ISP(t,a;dy)P(s,y;E):P(t+s,a;E)

(1-2) ®BRS _Layh R 7 HEBKT RE Banach 220 , £BEHH. , t20 , 0T,
(1-2-a) Hf®=If@P(t,x;dy), f€B
S

Al |Hef | =sup| Hef ) [<sup § |f@I[P(t,x;dy)
XE s xXEs
<| £l sup FPCt,x;dy)=[fl
xEs s
(1-2-b) IH:f <1, t>0

R (1-1-a) & (1-2-a)>
(He(He £))®=J (Hef X)) P(t,x;dy)=17J [ f(z)eP(s,y;dz)
s y z :

Pt x:dy)
=J flz2eP(t+s, x;dz) =He+ef(x)
s
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(1-2-¢) HeHo f =Hepo £, "~ fe€B
g {H.,t>0)} 2B LotEaTes,
(1-3) HREeB, Hf , t>0 , MEEBHEREY . RES
B={f€B: lim Hf=f}

tl0
B BEB# Banach subspace , M AMHR (1-2-b) , H.BC B, WL { He, t >0}
EERB LR ET4H  ERESR
D(A) = {f€B: lim l(th—f ) FE}
hjo b

Af = fim % [Hat =t

hlO
BARH. ,t>0 (HP(t,x;E),X. B (58 ) T4&ETF,
ERA
(1-3-a) fim fh—H'f = AH.f = H.Af f €D(A)

B 21>0 ,EHBLHET ( resolvent of A).

oo
Ryf = J es*H.fdt fe&B
0

£l

oo oo
Bl IR EI<T e*|Hflde< [ etdte|f] =75

(1-3-2) # IIR1II<}1—, R,BCB " KK

R, RAMBRBRE , (HEEWI1>0)
(1-3-b) 'Rl = (C ZI-—A)-l > (ZI—;‘\):RI-1
QgL
D(A) *I——*—A 1—1, onto.
R,

(1-4) HEEHEX
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a—tF(t,x):AF(t,x)

(1-4-a) ;
lim F(t,x)=1x), ( uniformly inx ) f€&€B
t|0
mE4 ‘
(1-4-b) F(t,x)=(H:f )®

Al (1-3-a) B BRIEHEA
0 0
¢ F(t,x)=3rHf®=AH. f®)=AF (t, x)

lim F(t,x)= lim Hf®=f® ( uniformly in x )
tl0 tl0 ‘
BRitE (1-4-b) & (1-4-a) B9
2 FK(x,dy)REo, WE

<K (x5HE» =l xES , EEg(s),
Kf@= | K(x,dy) f(y)<B, V fEB
I keI <N£ll
RMEFLZRE TF HBRRZERE :
9 :
3¢ F(t,x)=AF(t,x)—@F(t,x)+a S K(x,dy)F(t,y), &>0
. S
ulm F(t,x)=f® ( uniformly inx ),  f€B
tl0 ;

(2-1) . &Ye , t=0 ,BHX: ,t>0 , BN ELBEOETRER , BIEHSHFRLE 2™,
BEREASMHEK (x,dy ) , EF9P* H*, A*RR} , 2R Y. HHEEBERY , BEET4
B, fTAEET X resolvent
(2-1-a) A&l Py (t,X;E)=e*P(t,x;E)
PY.(t,x;E)= fle-aGdads § P(¢—s,x;dy)
0 g

JK(y,dz)P:*(s,z;E)
s
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HbPH*(t,x; E)=P {Y.€E | Y, =x , &l n KPR }

(2-1-b) PRGL x, ED) = 28Rt % ; Bl
n=0
a3 Bl={h(t,x)lnl:= sup [h(s,x)[<oo VE20}
: 0<s<t, xES

(2-2) EHE

(Lh)(t,x)= Ite"‘("‘)adslP(t—-s,x;dy)IK(Y,dz)h(s,z)
0 s s
Al L(B’")CB' ,MA
IL*n].< (1—ee)= [h]:

4 aP= PH i RIHR (2-2-b) , TB'CB’ ,

n=0
I Th:<e*|n]. , t>0
#® B (2-1)
oo oo
B2t xE)= 4% S PXCt, %5 EDV=8 2 by, Gty x5 ED =T Byl Gitayx s EY)
n=0 n=0
G
(2-2-a) H* f (% =g P*(t,x;dy)f(y
= X L[ PohCtl, x3'dy) fily
n=0 s
[oe)
=2 120 e Pt x5 dy) L)
n=10 s
oo
= ZOL"(-e"“Hef(x))=T(e""Hsf(x))
n=

oo
(2-3) RIf®= § e *H*f(®dt feB
0
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B induction W&

oo oo
J e (e Hof )dt = § e-()*Hif (®)dt = R4 f
0 0

(2-3-a)
5 e LA (e Hyf )dt =@" (Rzra K)3Rzsaf 0n>0
0
Rt (2-3-2) B8
fo%e) (e}
R =, e 2 Lo(e= Hef)dt
n=
oo o' ¥
=3 [ eLr(ewHf)dt
n=0
(e o) [e/e]
= a” (RqoK)2eRyp f = z R+ ®* @2 ( Ry oK) 2E
n= n=0
REH (1-3-a)
o
I @Rzrao Kl <@ [ Rivalle | K < 775<1
o0
'8 X @ (Rj4e°K)*=(I—QR;,,°K)"! |
n=10
=
(2-3-b) R f—2( I—QR,;, °K )" Ry f

= Ryva ( I—@R;0K )=t f

(2e4) =AY = (RN = Ui ) ( I~BR5,0K ¥
=Gl f—@Kf =(1+@ ) f—Af—aKf

A% f =Af—@ f—aKf
= Af—Of - K(x;dy )i
* &

fh S et G RCR Ay ) ) sifoaciy. la k)

tl0 t
4 F(t,x)=H*f® OB



Z#,

oK
3¢ =AF—0F+ | KF

lim F=f
tlo

31
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Some Remarks on Teaching Linear Algebra and Matrix Theory
By

Yueh-er Kuo (ZHM® )

The University of Tennessce

Study of linear algebra and matrix theory become popular in recent years.
Mathematics students are required to take the course and students in applied and
social sciences are taking this course as an important tool in their fields. As
you know linear algebra is being taught from freshman or sophomore year on.Here
we only discuss teaching of the course to upper division college students and :
graduate students in three different groups: (1) mathematics major, (2) major in
applied and social sciences, (3) high school mathematics teachers.

(1) For students in mathematics major.

These students need solid foundation -in linear algebra and matrix theory .
Text books should be chosen with emphasis in theoretical aspects with richness
of exercises in proofs. When teaching these students it would be helpful to
‘explain the impo'rtance of the course at the beginning , and also at the times
when there are some important statements or formulas. Let students know how
to prove in order to let them modify the proofs to prove more complicated stat-
ements and develop new statements and formulas in the future.

For undergraduate students, we can use linear algebra and matrix theory as
a tool to the general abstract algebra. For graduate students, we can do this
in a reverse way, starting from general abstract algebra and considering linear
algebra and matrix theory as particular cases or examples.

(2) For students in applied and social sciences.

Text books which contain many numerical examples and exercises, and also

contain many up to date different methods for numerical pfoblems would be
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usefu{. {t is also appreciated, if the bibliography in the text book contains
.8 different types of ‘many references. When teaching the course to the students let
us give numerical examples and explain some applications. It might be good not
to use theoretical approach, but we. still need to give the students the tech-
niques of proofs. Sometimes students are only interested in how to solve the
problems, but if the students have some degree of the techniques of proofs ,
sometimes they can check formulas or statements very easily and create ' new
methods in the future. k

If the students are from different types of majors, we need to concentrate
on general concepts and general applications. We need not let them study too
many methods, but we can explain some typical types of methods,and let stud-
ents study by themselves for applications to their own fields. To the certain
types of students, for example, teaching physics and engineering students , you
may need to give more details on eigenvalue problems, norms , and orthogonali -
ties. For social sciences students , you may give geometric. concepts and conce-
pts of mathematical programming and game theory.

It may give you a good opportunity to know how the étudents apply the
course , if you let the students write a report on applications of the course to
their fields or other applications.

(3) For the training of high school mathematics teachers.

It may be said these students are on the half way between (1) and (2) ,
therefore we may combine the above mentioned techniques of (1) and (2) to these
students. We need to concentrate on fundamental concepts. It is also desired to
give examples. In case there are some high school teachers who are out of -
schools for many years; you may start from the beginning concept of the course.

If the students in the class are of mixed types, you may find out the
distributions of the students and use appropriate approach accordingly. If the
distributions of the students are about the same for (1), (2) and (3), you may: use



34 -
the technique for type (3) and assign the appropriate different readings to them.

It is hoped the above remarks can give the teachers in the course some g
thought to improve the teaching and give more effective applications to the

course.
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A Partition Theorem for the Modulus 15
by
Yu Ching-Shu
(I B B

In 2 §5 Professor G. E. Andrews discovered a partition theorem for the
modulus 7. In this paper, I follow his technique to get a partition theorem for
the modulus 15. First I have to introduce several definitions which were defined

by professor G.E. Andrews in(2).

Let S ‘denote the set of all sequences {f: }32, (more briefly {fi}) where. each
fi is a non-negative integer and where only finitely many f; are nonzero. Then S
forms a distributive lattice under the partial ordering {f.} < {g:} provided fi< g;
for each i (2, Lemma 2.1.). Next let us define a function ¢ on S such- that

x oo
0(71’)=i>=: fiei for any #={fi}i_, €S, then ¢ is a positive valuation on S.

Definition 1. A semi-ddeal in.the lattice S is called ‘a partition ideal. ( 2,
Lemma 2. 2.). :

Definition 2. If C is a partition ideal in S, we say that p(C;n) is the
C-partition function if for each n, p (C;n) denotes the cardinality of the set
{zr|Tr€C, o(x)=n} .

Definition 3. We say that two partition ideals C, and C; of S are partition-
theoretically equivalent ( more briefly PT-equivalent ) if for each non-negative
integer p(C,;n) =p (C;;n), and we shall write C,PT C,. ;

Definition 4. Let C(a;,azs -+ » a5 m) denote {7 |7x={f,} €S and if £f.5%0 ,
then i=a,.a;, >+, or a: (mod m)} . Let Ci(a,, as,-:5a-; m) denote {7 |7 = {f\}E
S, 0=fi <1, and if fi5%0 , then i=a;,as *+, or a; (mod m ) }. p



36
L o]
‘Definition 5. Let D(r; by, by, -+, bu;m ) denote {7 |[z={f;} €S, f;=0 when

j<r, 0=f;=1, and if f;=1 with j=k (mod m ), then fju,=fj1s="-"= fj45-,=0}.

Now I can state the teheorem in the following : o

Theorem : C(1,17,19,23;30) PT C.(1,2,4,8:15) PT D(1 5 15,15,28,15,
26,26539:15522522535:22,33 531,46 515D .

Remark : To simplify notation we shall write D for D (1515,15,28,15, 26 ,
26,39,15,22,22,35,22,33,31,465 15).

Proof : The equivalence .
C(1,17,19,23;30) PT Ca(1,2,4,8; 15) appears in (1, Theorem 2.). It also
can follow directly from Theorem 4 in (2). i

To prove the second equivalence we start by defining ps(m,n)l to be the

cardinalty of the following set :

(es] (o)
“{{ft}l{f} D, _Zlfi- i=n, '21 fi=m, and f;=0 if i<a} we must now establish
1= o .

[N

the following identities.

1) p(m,n)=p; (m,n)+p(m—1,n—15m+ 14)
2 pi(m,n)=p; (m,n)+p;(m—1,n—15m+ 13)
@) p:(m,n)=py (m,n)+p(m—1,n-30m+27)
4 ps(m,n)=p,(m,n)+ps(m—1,n—15m+11)
5) p(m,n)=p; (m,n)+p,(m—1,n-30m+25)
6) ps(m,n)=pse (m,n)+p;(m—1,n—30m+24)
M pe(m,nd=ps (m,n)+ps(m—1,n—45m+38)
® p;(m,n)=ps (m,n)+p, (m—1,n—15m+7)
(9 pe(m,n)=py (m,n)+p(m—1,0n—-30m+21)
0 pi(m,n)=ppy(m,n)+p;(m—1,n—30m+20)
@ pw(m,n)=py(m,n)+p (m—1,n—45m+34)
12 pu(m,n)=ppe(m,n)+p;(m—1,n—-30m+18)
1 pe(m,n)=py(m,n)+p (m—1,n—45m+32)
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pu(m,n)=pu(m,n) +p, (m—1,n-45m+31)

pu(m, n)=ps(m,n) +p (m—1, n-60m+45)
pis(m,n)=p, (m,n—15m).

The proofs of _these sixteen identities all resemble one another. We therefore

choose (8) to present in detail. First we see that p;(m, n)-ps (m, n) is exactly

the number of partitions 7 of n with m parts such that 7€D and 8 is a summ-

and of 7. By the requirements on D we see that all other summands besides the

8 must be at least as large as 23. We now transform these partitions by dele-

ting the 8 and subtracting 15 from evéry other part.

This leaves us with a partition of the type enumerated by p,(m—1 ,n— 15

m+7 ). Clearly the above process is reversible, and so we have established a

one- to-one correspondence between the partitions enumerated by p;(m, n )— pg(m,

n) and those ‘enumerated by p;(m—1,n—15m+7) . Thus (8) is established.

We now define

oo oo
falxd =0 baZipal migent) x=@”
=0 n=0

Then directly from our sixteen identities, we deduce that

an
(it

a9

SSE88ES8

@n

fo(x) =1, (x) +xqf, ( xq**)

fi1(x)=1f.(x) +xq%f;( xq"** )
f2(x) = f4(x) +xq°fo ( xq*° )
f3(x) =f,(x) +xq*fs ( xq** )
fo(x)=1f:(x) +xq°f,( xq* )
fe(x)=fq(x) +xq° £, (xq*)
fo(x)=f,;(x) +txq" f, (xq* )
f, (x) =1 (x)+xq°f; (xq"°)
fo (x)=1fo (X)) +xq°f, (xq* )
fo (x) = f0(x) + xq"°f, (xq*)
f10(x) = £,,(x) +xq''fy (xq* )



fu(X)= flz(X)'*'quz fa (qu) . ®
f12(x) = f5(x) + xq*® fo (xq*°) : ‘ o
fu(x)‘:f“(x)+xq“f1 (xq"’) ¥ _

f“(x) = f‘n(x) =+ xq” fo (xq°°)
fis(X).=fo (xq*) .

We wish now to solve these equations to obtain an identity in fo(x),fo(xq'"),

B2888%

fo(xq®*), -« To do this we note that adding all these equations produces an

identity fo(x)=E, where E, involves only f,, fi, f3 and f, ( with various argum -

ents ). Adding the first seven equations produces ‘an identity f,(x) =I*‘32, where E;

involves only fo,f; and fs . Adding the first three equations produces an ident-

ity f3(x) =E;, where'E, involves only f, and f,. Furthermore (7 may be trans-
formed to produce an identity f,(x) = f,(x)— xqf,(xq'*)=E,, an expression invol-
ving only f,. Thus we may use E, for substitutions into E; to produce an
identity f,(x)=E; where E; involves only f,. Then we use E, and E; for subst-

itutions into E: to produce an identity f,(x) =E., where Es involves only f,.

Finally we may use E,, E; and E; for substitutions into E; to produce an iden-

tity involving only f, with various arguments. The final result is .

B9 fo(x)=(1+xq+xq>+xq*+xq®) fo(xq*®)+x(q*+q*+q®+q°+q"+q'?)(1—xq'®)
fo(xq%) + x (" +q"+a"+q") (1—-xq®) (1-xq®) fo(xq®)
+xq®(1—-xq*)(1—xq*")(1—xq**)f, (xq®°)

If we define g(x)=1f,(x)/ (x;q"*)oo » ,

( where (x359**) o =n%:0(1_qusn))

then by dividing 63 by (xq'"; q'). we obtain ‘
B) (1-x)gx)=(1+xq+xq*+xq*+xq®) g(xq*)
: +x(q®+q*+q°+q°+q"° +q* g (xq*)
Ex(qibqiih g ot gl glCxq S0l =xag((xa 2.
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‘.'W_e'now consider the Maclaurin series for g(x), namely

o0
st g ()= 20 A.x", and we substitute into G4. Thus from +the coefficients of x*
n= . >

after the substitution we see that
B Aam Away =0 Ay + @ A+ @ A + 1P AL
+ T Ancy + Q" Aay @ A+ QAL
QAL+ QPO A, + @ Ay QAL
F g Ml g At gttt A+ q¥e A
Therefore _ '
GO0 1 —lqtt )AL= (] gt ) Glshg B 0 (] g 858) G -t qi*2at) Aasy

Since A, =g(0)=1£,(0)=1, we may easily solve the recurrence 80 bv iteration .

Therefore

@ A CQIaR(Ca (=0t 0 (—a3a
f LGqiEiigifd.

Hence - '

f,. 0= (x5 g**)co gD
% . (—q;q*)(—q*; qi’)n(—q‘; q**)a G=qbiiq * Daix?
— N lﬁ) Z -
. (x5q °°n=0 - (qn;qm)n

Letting SR , we deduce using Appell Comparison theorem (3 ; page 108) that
(o o) : ! 3

B9 X po(D;3;n)q®*=1,(1)=lim _f,(x)
n=0 x—>1"

(—q59™a (—q?5q%)a (—q*59")n(—q%; ¢'*ax"
; (qu : q”).;

=i0q®hiq Voo lim:C1—x )1 X
1 x=—>1" =

=(_q.; q‘s)oo (._.qz;qxs)oo (_qa;qls oo(—qs;qu)oo
)

=2 " p (C4i(1,2,4,8; 150 ndiqs
=0

Thus D PT Ca(1,2,4,85 15) and the theorem is established.
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A TOPOLOGICAL PROPERTY BETWEEN T, AND T,

Yean-ming Huang (¥4 )
University of Minnesota

In a general topological space (X,7 ), the set of accumulétion points of each
subset of X is not necessary closed. It is well-khown, however, that in TIl-space
the set of accumulation points of each subset is closed. Furthermore, Mr. C. T.
Yang ((1),pg 56, problem D) proved that if (X,7J) is a topological space, then
A’ is closed for every ACX if only if for each x€X, {x} is closed. Here we use
A’ to denote the set of all accumulation points of A,i.e. A’ is so-called derived
set of A. )

The presenf discussion was motivated, in the first place, by. the desire to
find an example of a To-space which contains a subset whose derived set is not
closed. In attacking this problem one is inclined to' look, first of all, at topolo-
gies on a finite set. It turns out, however, that- this approach is doomed to fa-
ilure and, in fact, we have the following curious result.

Theoreml. If (X,TJ) is a finite To-space, then ' for each ACX, A’is closed.

Proof: By Yang's result, mentioned above, it suffices to prove that {x}'is cl-
osed for each x€X.

For each x€X, consider the neighborhood syétem »x of x. Since X is finite
set, so is 7. Let G=N{N|N is an open nbhd of x} . Then G is open for a
finite intersection of open sets is open. If yEG, y¥x, then yEN for each
open nbhd N of x, and so by the To-property there is an open nbhd VE7, such
that x¥#V . Thus y is not an accumulation point of x. Let F=N{C|x&€C,C
is a closed subset of X} . Then F is the ‘closure of x,i.e. F={x}U{x}'. We
observe that (X\G )NF is closed. We claim that {x}’=(X\G)NF. For if yE{x,
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then y&G and yE€F , thus ye (X\G)NF. Conversely, if y€(X\G)NF thene

yEF and y=+x so yE{x} . Hence {x} =(X\G)NF is closed.

In regard to the original question, now that one knows where to not look it @
is rather easy to produce an example of a To-space in which derived sets are
not always closed. }

Example 1. Let X be the set of real numbers, and let <J = {¢,X}U{(~o0, a)
| a€X}. It is clear that (X,J) is a To-space but not Tl-space. Furthermore,
for each x€X, {x}'=(x,) is not a J -closed set.

The considerations above suggest a further investigation of topological spaces
X which have the property that {x}’ is closed for every x€X'. We begin with
the following observation.

Theorem 2. If (X,J) is a topological space, and for each x€X, {x}’ is
closed, then (X,7) is a To-space.

Proof : Let x, yEX, x+y . Then we consider the following cases : (a) yE{x}.
By definition of accumulation points of a set, we have x% {x} ' that is x€X\
{x}’. Thus if y<€ {x} then X\ {x}’ is a- neighborhood of x that does not con-
tain y. (b y={x}'. Then there is an open ME7, such that MN( {x}\ {y} )=
MN {x} =¢ ; thus x¥M. Hence there is ME7, such that x¢M. By (2, () we
have -proved that (X,7) is a To- space.

Corollary : If (X,7) is a finite topological space then(X,7J) is a To- space
iff {x}' is closed for all xEX.

Proof : This is immediate from Theorem 1 and Theorem Z'-

Let us now agree to call a topological space (X,J) a Ty.-space if it has
the property that {x}’ is closed for every x€X . This choice of terminology
is motivated by the fact that any T,-space is a Ti/: -space and any Ti/:-space
is a To-space ( Theorem 2 ). Furthermore, it is possible to characterize the
Tise -property so that, like the classical_“T”-axioms ,» it appears as a separation

-type property. This is the content of the following theorem.
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" Theorem 3. X is a Ti2-space iff it has the property that, for each x€X,

there.is' a neighborhood U of x such that if y€U, yZx, then there is a nei-
ghborhood V of y such that x#V .

Proof : Necessity. Take U=X\ {xf. Then U is an open neighborhood of x.
If yEU, y==x, then since yé& {x}’ there is a neighborhood V of y such that
xEV.

Sufficiency . We show that the set X\ {x}’ is open by showing that it is a
neighborhood of each of its points. Let yEX\ {x}’. If y==x then there is a
neighborhood N of y such that NN {x} =¢ . Clearly NS X\ {x}'; thus X\ {x}’
is a neighborhood of y. Now consider the point x& X\ {x} .By hypothesis,there
is a neighborhood U of x such that if z&U, z9x , then there is a neighbor -
hood V. of z such that x¥V,. From this it is clear that UCX\ {x} ; thus
X\ {x}’ is a neighborhood of x.

The space of Example 1 is a T,-space but not a T,:-space. We now offer
an example of a Ty:-space which is not Ti-space ; thus we see that the Tie-
property fits strictly between T, and Ti .

Example 2. Let X be the set of real numbers, and let J = {¢,X} U{(—o0,
a)|aeX}lU{(—oo,b)| beX} . Clearly (X,7) is topological space. Further-
more , if xEX then {x}'=(x,% ) isT7-closed ; thus X is a T -space. On the
other hand, {x} is not 7 -closed and so X is not a T;-space. ‘

The rest of our discussion is concerned with the question of whether or not
the Ty:- property is preserved under the standard topological constructions.

Theorem 4. Any. subspace of T,/ -space is Ty - space.

Proof : Suppose X is a Tiz-space and Y is a subspace of X. If x€Y then
the set of accumulation points of {x} in Y is {x}'NY, and hence is aa closed
set in Y. Thus Y is a Ty -space.

Theorem 5. The finite product of. Ty.-spaces is a T./.-space.
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Proof : Let X= {El Xi, where Xi i=1,2,--, n are Ty:-spaces. If xE€X, let

x=(X1,Xs, " Xa) where x;€X,;. Since each X: is a Ty:-space, by Theorem 3, @
there exists an open neighborhood U; of x; such that U\ {x} is open in X;. For
each fixed i, let U= {Cyisyes s yad) |lyiE€U if jFi, nEUN {x:} } . Then ﬁg is

D~
open, for it is a finite product of open sets. Furthermore , 'Ul Ux=(i7?_1 U N\ {x
i= =
is also open in X. Let U= ,7?1 Ui. Then U is an open neighborhood of x such
fe

that U\ {x} is open. Hence for all yEU, y=x , then exists V a neighborhood
of y st. x¢V . By Theorem 3, X is a Ti;-space.

Unfortunately, the product of infinitely many T,,-spaces is not in gereneral
a T,.-space . In fact, quite the opposite is true. -

Theorem 6. Any infinite product of T, but not T, spaces is not Ti/: .

Preof: Let XZ;EI X; where X;, i€1I are T,.-spaces but not T:. Since X is

Ti: not T, , there exists, for each i €1, a point x'€X; such that {x'}’is nonvoid
and closed. Now let x=(x');; - We will show that {x}’ is not closed by sho-
wing there exists a net in {x}’ which converges to x. Let ¥ = {F|F is a finite
subset - of I}, then TR is directed upward by “C”, so is a directed set. Define

a net {ye}rez as follows:

yi=x' if i€F
v+E {x'}) if i&F, i€l
We claim that {yr}res is a net in {x}  and {yp}pea converges to X.

To see that each yr is an accumulation point of x, consider each basic neig-
hborhood G of yr. Then G=ifl G; where G;=X, except for finitely many i .
Then if Gi=X,, we clearly have xX€G;; if Gi&= X; and i€F, then x=yw€EG; au-
tomatically ; if G2 X, and i¥%F, then XEG; because y:E{x'} . Hence each basic
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@ open neighborhood G of yr contains x, and so yr€ {x}'. That x is the limit of

{yr}rex is clear.

Rémark: In general, the quotient space of a Ti-space is not Ty - For
example : Let (X,7 ) be the space of Example 2. Let Z be the set of integers
and consfder X/Z with the quotient topology »#(J]) induced by the natural map
y of X onto X/Z. Then (X/Z,7#(T)) is the indiscrete topological space,hence
(X/Z, p#(3).) is not Ty -

Reference
1. J. L. Kelley , General Topology, Van Nostrand, Princeton, 1955.
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A survey in Summability Theory

%
IRAERETE K
We limitourselvesto matrix methods in this discussion . Consider the c, -methods , if

we write C; :s —s , with s the set of all complex sequence , then we ean write .

C1=

XitXy X3t Xg kX
............... - clearly Cyx=(x, , ’2 ” 1 ; “,......)

i.e. some summability methods can be represented by infinite matrices. On the other

hand ,a matrix A= (awm>,n, k=1,2, == ., can define a summability method. viz.
Ay Qg1 Agqs "ttt X1
s a1 QA Ags Xg . =
A= 1 =( Z Ank Xy )
Qa1 Aag Agg "'t X3 K

to treat x as a colunm.

vectors . Let, (Ax)a =) awxxx , we denote lim (Ax )a by lim,x . Degine Ci={x€Es |
k n

A:E€ ¢ } — the summability domain ( some call it —field) . A method A is said to be
regular , if limx = lim x , AxEc , ¢ the space of conv. segs. :

Toeplitz( 1911 ) proved that A is regular —

N) A =SgplZIanl<oo.
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(R) lim) am =1,

n k

(C) limax=0

e.g. C,, Lototsky ete are regular.
S. Mazur & W .Orlicz ,Sur les niébhodes liveeives de sommation C.R . Acad.Sci 196 ,
32 - 34 (1933) ob’serves that C, in general is not a Banach space,unless A is revers-
able , they said that C, is a B, -space in genera] . Since the World war II breakes out . a
detail study on this was discontinues.Till after the war . a member of school of Tubrugen
, Germany . K. Zeller define the structure FK-sp ( B;- sp as Matur, Orlicz mentioned )
in CAELV) Allgemeine Eigenschaften von Liuritieruvgsvergahrean M.Z. (1951). which
gives the proper topology for C, . (FK-top is unique!).

Kojima proved ( in 1913) that A is onservative ( i.e. simply CCC,) —-

(N) —ditto —
(R) -eeeee = exists
(C) coeeer — exists.

( See Rogosinski , Fourier series. )

Botﬁ proofs in Topitz &Kojuna were difficult in nec condn for (N) — a samewhat
compliectio reductio ad absrudum argument (Some call it gliding . hump argument ). But S.
Bauach. Theorie des operation lin‘earires . Warsaw ( 1932). pvovided easier mechinary,i.e. -
by using U.B.P.A. Wilansky , An app 1 »f Banach linear functionals to summability

TAMS (1949)

A. Wil.classified the conservative matrices : =1
=11
oy
C,

coregular
emeguler
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(i) x (A) =1lim 2 anx — 2, limaw==0, A co-regular
n k* k

(ii) x (A)=0, A conull .

In 1950 s there are many collabvations of Wil. & Zeller , which enrichs the theory
greatly in this direction .

Note that, in Zellgs’ AELV, there are two faets so fundamentally important.

(i) FK-top is unique, hence counllity(so is eoregularity )is essentially invariant.

(ii) For any conservative matrix A, f € Ca, there is a matrix BS{ = limgwith C,

D C, , This justify the reasonto develope matrix methods .

Much studis have been doneon coregularity , but very little has been done on conullity
(thou, it has been shown that a conull matrix sums a bounded divergent sequence and
also a unbounded one. ) There are, however , some general facts m conservative matrices
that suggests further study an conullity, (m is space of bounded sequence with sup-norm.

Wil& Zeller , TAMS (1955 )showed that CO mN C, ,if A conegular .

‘Mazur Orlicz ,» Stu. M (1954) proved that, if A is eoregular , than V B with CjkDm
NG, ,lim, mC — lim, = limpymm O C, . Jurimae, E Tartu U (1965 ) defined that

(i) A€ ] (Chang et al say ), if COmN C, inC, . _

(ii) A0, if VB, with C;DOmN C. and lim, = limymC — lims=limy,an mN C,.

Clearly , if A is coregula ,then A€ J&A €0 . He further remarked that A€ J —
A €0 , Unfortunately , this is false in geperal , by considering .

i

2

1 -1
1

P = 11 23 P : conull
1 T PEJ&PEO
B
LA @y
; e R
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( Chang , Macphail , Snyder & Wil , M.Z. (1968)

In the article of Wil , Distinguished subsets & summability invariants . J.d’ Anal.
Math (1964 ), says that for f €C, .

f =D, f(o" )xk+a(limAx—Z,limAﬁkxk B, VxE mNC,
k k
Define that
W, = {xeC.lf®=) f(6*)x,,VfEC,’'}
k

A.K. Snyder . counll FK-space . M.Z (1965) proved that A is conull<=>1&W,;

In Chang et al say that if A conull, A€O— W;DmMN C,. These facts suggests a
generalization of conullity (A€ 0 as well ).

With an aid of two-norm theory (Suggested by polish school ), much work has been
done récently 5

@ (Snyder, 1965) X is conull FK -sp<>1 €2 - norm cl. of E™with respect | | co-.

® (Chang 1970) X€0 , & conull <>mN XC 2 - norm cl. of E® for semi -Cons.(
Snyder - Wil )

®(Sember to appear ) X is conull<=>1 € 2-n.1. cl of E%w.r.t.[[,, -

@ (Sember-)X is v~ FK, Xconull =1 €E (v),and <« is false in general .
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Mathematic logic :

its methods and some

results
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ert BARATAZE , U PIGEE RET S A5, DIFF
BERZ o M FME B H7EE B L DA SRR
, W T2 ERE logic RifML - FFHEME

Z| 1900 £ , Peano % Frege f97F 55303% ,
A P T B E AR AT BRE , IS Peano 24
R (HERBAARR ) , HPHMEBERNE (OH
EfgEsE ¢ (x),if ¢ (0) , and ya(¢ (n
)=¢ (n+1) JAIVn ¢ (n) ) ED4EEELL
Fregef 55 &/~ , AT Peano 8 Frege HfF
5%, AREE HEXRZE,

Frege Z & :
E;&ﬁgﬁ X Vs Ly e
P(predlicate ) : Py,Pg, ===
oV, &yay, ¥y E
BHEPY, g REMFF, EHx ,y, 2
HEl, AR EE BREER, REBY

ull

FEEES o
1930 £ 19358 H , set theory X al-
gebra HALIVIREES 2% 58 LT SHEBRH
%% logic ( Object language ) {935 S ( Mata
language ), —&/NF , BERBKE . ERTH

72 Object language , MKk T fiMate langu-
ageﬂ‘ %#ﬁgﬁa%—ﬁunn o ﬂﬂ%fﬁ?ﬂ@P

(ME) pEk , AlEZRES mZEST%ﬁ'ﬁ
DA dae: , EEEEN . HRBBEES,
ARKSH s BRAIEFEGRER“ &B’Jﬁ%ﬁn
»” jEX¥iRY Paradox

#1900 = 1920 , BESRTLER, W
ks , RAROE . wLEEE S g , X
AV ABRRZ— . BEARBEGRAR , fi
MR , EMEENHKERE SR, ERAR
HAERT fin: 4xEN, ¢ (x)B“xH
B, AIRRANE, BTBAE ¢ (x)H#E
— ¢ (x) ABEFEEHPHEN , JRRE
MEPLREFRALEREEE , BHATERRK
MR AR , (Flm: £ (a, b )hEFE
A max and min) , EEFHLSPLFIHPEHE (



AV—A) REBAR FTLIBRREFESN , 8t
WA WIEEH® . —EIFTBAY Constructive proof
» RRELUAIR A B HATER s 5 — R
nonconstructive proof , RFIFREARZH
FEMB . REEMZEHEHES H constructive
mathematics X nonconstructive mathematics
i Constructive ngic i Classical Logic 5
KEONFEREERAV— AB—HEEH

Classical logic AW T : 4A -~ B~
C ~eeeeee % statements A(x) RR—fHstate-
ment Containing X

I. Axiom Schemata

L A—-(B—A)
2 (A-(B—C))—((A—B

)= (A—=C) )
A&B—A
A&B—-B
A— (B—A&B)
A—AVB
B—AVB
(A—C)=( (B-C)— (A
VB—C] ] o
9 (A=B)=((A—>—B)—

A) :
1. =A== (A—B)
IL. AV—A (H——A—A)

© N o O o

12 A(x)—dx A (x)
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Field extension B

"We have field Q and its subset J(integers) in which we have addition,
multiplication. The division in J is not closed. Now wé want to enlarge the
field Q. How do we it ?

Let J be the set of integers, Q the set of rationals,

Ly BT .
Q(I)—{—g(l)l f, g be polynomials on J}

If 1 be a root of some f(x) & Q(x), then 1 is algebraic. Q(I) is called an
extension field of Q. What shall we mean by an “integer” in this field ? An
element £ ¢ Q(I) is called an “ algebraic integer ” if £ is a root of some
xtta, X!+t angxtan=0,a¢].

If 1 be an algebraic integer ; let it satisfy the equation x*+2ax+b=0 ,
where a, b are rational numbers. Then 1 is of the form 7+s+/m , where 7, *

sEQ, and m is a square free integer. Clearly

Q(I)=Q(m)={—a—%-@l a,b,ceJ,(a,b,c)=1, c>0}

If $=a+b\/a a+b\/5)(a—b\/a)___a2—‘b’m
‘ c c c

, then since ( ot

)

a+bsm a—b+ym
and c\/_+ - =L2_a_’ § . is a root of

c
2 _ e
2a a®:— b*m

Hence , if Tand e aa are integers, then & will be an algebraic inte-
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- ger of Q(g). Now we want to know what does an integer in Q(I) look like.
Let (a, c)=d
. 2

: a’*— b’m 2,2 2] a2
Since = €J, and d?|a?, d*|c?®, we have d?|b?m. But(a,b,c)=1,

hence d=1 .
Since %e] ,c|2, thus c=1, 0r 2.

If c=1,&6=a+b+ym is an integer in Q(I).
If c=2, then a=1 (mod 2 ) since (a,c)=1.
and a’—b*m =0 (mod 4 ) since c=2 .

b’m=a’*=1 (mod 4)

b=1 (mod 2 )

m=1 (mod 4)

+ R
Therefore if Q(I)=Q(\/H)={a—cgﬂla,b,c5J s c>07, Cabyrel=1.4%,

integers of Q(CI) is of the form

a+b«/mA

5 are integers in Q(g) , where. asb=}

(i) m=1 (mod 4) ; then

C ol 23 = v ov

(ii) m#l (mod 4 ) 5 thé integers are .a+b\’/m .

Note that the abové proog stilled needs fulfilled Exémple. In QLW/-1)=
Q(i) , ‘integers are called Gaﬁssian'integers . This is an excellAent. example
of Euclidean ring. In"a' Euclidean ring , we have divisiblity , Common divisor ,
etc. i
Now we consider a property of J in Q- J has unique factorization property,

ises, factorizationA of iixt'ggers into primes is “ essentially unique ;, up to associa-
tion. For ‘é;n:;.mp‘l.e,
] 12=2%+3+1=3 22 «1=2+(—3)(—-2)
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(8]
Whether Q (4/m) has unique factorization or not ? We still have many probl-

‘em in this part.

For each § ¢ Q(4/m), if §=7r+s+/m, where 7,s¢Q, we (;efine Ni(&)i=72 -
—s’m. to be the norm of § . A little computation shows that N(af8)=N(a)N(B).
Thus , if |7 , then N(a)|N(7). Also, if § is an integer in Q (¥/m), then
N(§)eJ. : )

With the help of the above , we may find units of a quadratic domain. For
example , let us find all the units in the quadratic domain Q(\/j) :

e o[ N(a) |1 ,
let a=a+by/—1 , N(a)=a?+b?|1
N(a) =a*+b*=1
a=x1,b=03; or
a=0 , b=%1
Therefore 1, -1, +i, —i are the only units of Q(i).

The next example shows that we may have inginitely many units, and the :
unit can occur to be arbitrarily large. '
Example . In Q(v2), if a=a+b+2, a,be] is to be a unit, then

N@ =a?—2b*|1 — a*—2b>=+1— a=%x1, b=0;0r a=%x1,b==%1
Since (1+v2) (—1+v/2)=1 (1+/2)" (-1+4/2)" =1
All these elements (1++v/2)® are units of Q(+/2) .

An element of a quadratic domain is called prime if the only divisors
of it are units and itself.

Example. Q(+/~—5) has =1 as its units. 3 is a prime in Q(+v/=5). We
show this as follows :
Since N(3)=9, .. a+*1,9 «|3=N(a)|9=>N(a)=3
—5¥%1 ( mod 4) :
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a
' " a=a+b+y—5,a*+5b? =3 has no integer root.

3 is a prime.

®
Similarly , 2, 1++/~=5, 1—+/—5 are primes in Q(+~/=5), but 6=2+3 = (1

+4/—=5) (1—+/—5) shows that there are two distinct factorizations of 6.
Hence Q(+/—5) has no unique factorization property.

Example. In Q(vV=6), 6=2+3=(+/=6)(+/=6)
In Q(vV10) , 10=2-5=4y10 V10
In Q(+/82) , —713=(—23)(31)=(5+3+/82)(5-3/82).
We conclude that there are fields which do not have unique factorization.
But we can not ouspect that all fields do not-have unique factorization. For

instance , Gaussian integers in Q(i) do have unique factorization.
unique factorization is not generally true for any algebraic integer , the mathe-

Although the

maticians still hope that unique factorization in other sense may be found.
In Q(+/—5) , factorizing 21 , we find

Example.
3¢7=(1424/=-5)(1-2+/=5)=(4++/—=5) (4—+/=5)

~ are all possible factorization of 21.
We hope to use prime ideal to get a property of (21) , which may be called

unique factorization.
Consider P,=(3,1+2/=5)= {3a+(1+2\/j5—),8[a,ﬂ integers in Q(\/—'_5)}
P,=(3,1-24~5) ,
Q:=(7,1+2/-5),
Q:=(7,1-2v/-5)

P, ,P:, Q and Q; are prime ideals of Q(+/—5),
P,P;=(9,3-64—5,3+6+4-5, 21 >=(3)

( since 3=21+1+9.(—-2), 3¢ P,P; )
QQ:=(7) , P,Q:=(4—+/-5) ,P,Qi=(1+2+/-5) ,

P,Q,=(4++/-5) , PaQz=( 1_2‘\/—5)
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S (21)=P,P:Q:Q: . We have factorized the ideal (21) into prime ideals.
We may suspect that the ideal generated by an algebraic integer\ can have

unique factorization , although the integer may not have unique factorization.

BEE :
Hardy and Wright : Number theory
Harry Pollard : The theory of algebraic numbers

(8]

LY
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ES- 1

» R 75 — Lebesgue measure , 4 L' (R) &
REARSEBE . %1, gL' R), a B
—B/RE,EE (f+g) (x)=1f(x)+g
(x), (@f)(x)=af(x), (f*g) (x)=
Jf(x—y)gy)dy, | fll=J ] £(x)]
dx , AIL" (R)BBE —MEEE 8

EH: L'"(R) B—S@RH ,

FH: HBHIHEERudin (2, 3) &
TR R R MR A R W F S e — BB
B BASALE

HEIEL'(R) . & (Kt)t >0 Fejer
Rernel ., 4 (t)= 1Kt xf—f I . Hle
(t)—0 as t »oco, A#RE|( 0, oo ) Fiy—
BIESEROER X HE [T (€ (0) +1} o

(t)dt <cofE [P a(t)dt=co,EHES(t

=1+[ o (a)ds+t g0 218)

ds

(t>0) ,Blg (t) <ocH 9 (t)—occ as
t—ooo. L HIRMES

g (x) =£(x) + [ { f(x) - (f
xKt) (x)} oc (t)dt. B FubiniEB LR T
MANHEAEEMY gL' (R) A

E s 2 Ly a I L 1 Rl
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CeaRdt a=-£C v )l o v |9k

Fayy=8(y)2Uyl) , B2l yl)
1
By = )
(t)dt , Hih EL’(R)E/I\I(VY) =2yl
HT(y)=8(u)h(u) ,B0f =gxh . %"
&

J‘io K; (X)tl”

I. NA]GBARBHEATF : 4T REH
the circle group ) ElHR#EE {2z : 2z
comple with |z | =1} , RENEEHE FH (
0,27)4L'(T) BT LURSEHE, {5
I1Z2%%, L'(T)B—-E#RAH . EfsL'(T)
LT (n) RfEn ZEEAE

3@ : HABLY(T) 2—FRE, FE—
Po,0<po <oo, HEFARE—14A (f(n))
el EA=A RIEFEDP, 0<p<>
C RAHRE—fH (T))el.

: B HFEAMATEAYEMEE—{ €A
B(F(n))e ™ pitE, RENE—f A
, (f(a))elr, pp<p<o,

HRX4 €A, mﬁg,hEAﬁﬁf—g

xh,fENf=gh .® 2 lf(n)l’—El

@mﬂzuum|2g<21anMﬂ<2
Ih(mlm)z<w,%u<fm)>el=o

MECEE LS, BMAE3 (T(n) 12‘“

’m“1527 """ ’ﬁEﬁﬁ P,0<DS
p,—%wu&ﬁ~@m&@§%<pgpmﬁ

i \ ]

i (f(n)) el®, 3IEEE, o
HEC(T) RET L2 BMEME . EHC (

T) EeRBGEEM I REB N £ | =max @

) > G =
f(x)| , BIC(T) B—RARB
EH : C(T) B— N HEARH
BB BMMEC(T)CL* (T) CLY(T)
URE—feL:(T)A (f(n)) e l* wkA
, WEELY (T) RTEF S EARBE , Ak
F—feC(MBE (T)) el*tmtE, B ©
BC(T) B—ABAR , B3IHEMH (T (n))
er,0<p<w, BTEBHC(T) BRaH @,
, BRFARELEC(T) hikZ—M £ 658 (T(n))
i H]E—r1, 0<r <oo, RMAHEHE—
’ le'™ |l

. (oo
BB E =

BE(n, e'"eC(T) 5
n=1 L

2 Llco, xom B-mRem,

nln

A A

ing

E—EfeC(T)EEf(t)= > ;*o

n=1

oo (e o] 1
HEe X [f(m) [T = Z  |f(m)fF
m=-0 ms=
co 1 0 oo
= 3 |17 = 2 —=co, H(T(m)
m
m=1 m=1
€17,
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Some Application of the Implicit Function .
Theorem to Differential Equations
Jan W. Nienhuys
If we want to find a zero of a function f (a nice function) we can do as
: o
I
i e
i
;
X. xa
follows : Start at X, let the slope of f be about equal to the number p.Define :
X = X% — p* f(x0)
X = X, — p™* f(x,)
If this converges , then the ceft hand converges to some point xum . By continu- &

ity of f, the right hand converges t0 Xum— P~ f(Xum) . So p™* f(Xum)=0 hence
f(xum )=0 . . 0
Now, can we find out whether it converges ? B
-Let us look to ° 2k
Xig1— X1 = X1 — Xt — P (£(x1) — f(Xi1) ) : )
- If we suppose that
g(x) =x—p™f(x)
has the property .
1 |g(x)—gx!)| <Clx—x!| for some C<1 then. :
@) T Xy —x [ <0G Jixn — ey [ <D <C'|x;—xo| =C'| p* £(x0).| So we



can condude .
°
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@ (=% [ < Ima= Tl # |x Hxee] Sk b~ ] 2

’ l_cxﬂ
(C'+ Cltpeeeene +1)lp"f(x°)I?~1j(:*lp“f(xo)

and likewise.
- H0) ,CI'H_CH—AI
I'X1+1'_ X0 | < T' p™ f(x0) |
Both (3)and 4) follow from the formula for a partial sum of a geometric
series with common ratio C.

The ‘inequality (4) is just what we are looking for: it tells us that the sequ-

ence” {x:} is a Cauchy sequence ( remember , C<1 ) :

The diffi cult points are not cleaved up yet, for we cannot be sure , in
general , that (1) holds for all x and x!.

So we make an assumption , namely that it holds whenever x and x' are in
the set ={x||x—x| <A} ..

In that case estimates (2) can only be made when xi, Xi-1, - etc are all in
BESEMBULC T for: X , Xii1 7= etc it follows than that inequalities (3) hold ( with

i,i—1, etc. instead of i+ 1)

- .
If Iplf_—()é’)l <LUA then "X, Xiagls ccees etc are all in B, This means

[ pt (xS A (1=CL) .
Is-'theAre vany_‘yvay to tell whether (1) is true in a set like B ? Sure we have
the meanvalue theorem :
Theorem 1. Letiof - V;W be differentiable Suppose for all x in a convex

set B we have

' I £ I <™
_(We suppose V', W are vectorspaces with norm and the above
inequality means that || f'(x) h| < M |h| for all x€B and hEV.
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Theorem 2.

f' is a linear map. )

Then also , for all x,yE€B
[t -t | < M[y—x|

o
We omit the proof . It is based on the idea that -this inequality

is “ almost true ” if y and x are very dose together. Then one

goes along a straight line in small steps from x to y.
If we apply this theorem to "the function
g(x) =x—p™*f(x)

df
. ’ il S SN
we find g'(x)=1-—p e (x)

we can now formulate a theorem.

Suppose f differentiable in the set. B={x|x—x,[< A}

Suppose there exists a C<1 and a number p=x0 such that
(i) 11-p" - [<C for xeB '

(i) [pfx)| < A(1-C)

Then f has a unique zero in ‘B.

Proof : we have almost everything proved , except the uniqueness of

the root. But if f(x)=f(y)=0 then R
|x—y|=]|x—pf(x)-y+pf(y) | =] gx)—gly) | <C|x—y|

As C< 1 uniqueness follows.

Now we suppose f depends on an extra parameter

For every t we can do the constructions above .
tions x;(t) of t.

o § (X)t )
We get func-
All the x; are continuous . Put X (t) = x,

5 I C;+1_Cl+1l 8
@) will change into |Xi(t)=Xm() | < =5 19" f(x, )]

If we suppose that (i) and (ii) of the above theorem hold uni=

form in t for t in some set D, we can conclude from (4) that

!’).
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_Theorem 3.

Theorem 4.
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the x:(t) form a uniform convergent sequence of functions in D,
Hence the limit is a continuous function.

So. we can formulate another theorem.
- of
Suppose %; (x,t) exists throughout B X D ;

B={x| Ix—xolgA} . Suppose there exists a constant C <1
and a number p=x0 such that

(i) - T=p* g—i (%, t)]:<C in BXD

() - pHEi(xoyt) [ <A (l=C ) forit €D ,

Then there exists a unique continuous function
‘x¢ ' Di—-Bi it —ox(t)

such that
£ (x (L), t)=10

From this follows immedidtely - another theorem Implicit

_Function Theorem

P ! -
Let f(x,t) and Fi(x,t) be continuous throughout B X D

Suppose for ( Xq,t,) ‘€B x D .
(i) % (%0, to) = p=x0
(i) f(xo, to) =0
Then there exists a .unique fun(;tion defined on a heighborhood
D’ of t,, values in B such that
f (x(t),t) =0

3 - :
Proot |1—p"£(xo,to)|=0 so
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Remark 1.

0
The expression 1—p™* 2L

of
[1—p™ Ty (x,t)|[<1/2 in some neighborhood B’ X D’ of o,

(Xo5to) (By continuity of g—i)

ID-I f(Xo,te) | =0 so

- ’ 1
[iprt £l xq,it ) |I<C A% e 0} for A’ = radius of B’ and t in some
neighborhood D”"CD’ of t,. ( By continuity of f ).

We have done everything in R X R, 1- dimensional vector spaces.
However we may do the same thing in a so-called Banach space.

A Banach space is a vector space V with a norm ||« || : V —» R* :
x — | x| such that

(i) Ix]=0 x=0

(i) leaxl| =la| x|

(i) |x+y | <Ixl+ Iyl triangle inequality

(iv) Cauchy sequences in V have a limit in V.,

The standard example of a Banach space is the space of continuous

functions on some set T , with norm [ x| =sup |x(t)} . Condition

(iv)

t€T
is fulfilled because a Cauchy sequence neaus here a uniformly
convergent sequence of continuous functions.

Because. of (iv) we make “ Fake ” any limit of a Cauchy sequence .

We can repeat the proof of Theorem 3 word 'by word, if we write

| | instead of || everywhere, in the care BXD is in some

Banach space V, XV, .

5, has- to be changed into I—p™ ==

='identity map . p should now be a linear continuous map with
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continuous inverse . ( Students of Banach spaces know that continuity
and boundedness are equivalent for linear maps ; in finite dimens-
ional spaces a linear map is always bounded on the unit -ball, but
in general Banach spaces this need not be true.)

Remark 2. If f(x,t) continuously differentiable then the implicit function

. 2 y 0
is also continuously differentiable ( when % is invertible ) and

the devivative x’can be found by differentiating
f(x(t),t)=0
with respect to t:
f. x'+ £, =0
Remark 3. Instead of f differentiable with respect to x one may take other
conditions to substitute the use of the Mean Value Theorem. We
will not do that here .
Applications to differential equations. First we apply Theorem 3 to prove
existence and uniqueness for differential equations. We will at the same
time find that the .solutions depend continuously ( differentiably ) on the initial

conditions,
Let us consider the problem
x'(t) = f(x,t) r,teT.={t|[t—t|<a} .
x(z)=§ X, x', §&X, finite dimensional. vector space

We suppose f is continuously differentiable with respect to x in To X X 5
a
Xs={x| | x—=%x|<b} . Suppose | %II < M! and [|f(x)|] < M throughout'

T. XX, if a<a, . We write the problem as an- integral equation :
. i .
x(t)—§—J f(x(s),§,s)ds=0" (%)
7
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Now observe that for any function x on T, with values in X, , the. left

hand mernber is defined. So we ‘introduce the Banach space V of continuous
functions T.— X with norm.[x[+ = sup | x(t) | . We

tE€Ty

X EV , which is the function x,(t) =x,.

take a special point

( One should in the above distinguish between functions
xEX 5

x : Ts—X and vecfors
The former are elements of V. Unfortunately the notation is a little
confusing ) .
We can now write for the left hand member of (*) .
F(x,§,7), which is in V again ; defined for x€B={x| [ x—x [<b} ,
s€X,, €T, , we take p=1I. ' :
OF

dx is computed from :
t
Bixsth, St )— F((x,8,7) =h(t)— fr f(x(s) +h(s), s)— f(x(s),s)ds =
tog | A
h(t)— [ 5 (x(s),s) h(s) ds + o (h).
T X

( The expressions in which t occurs should be

interpreted as functions of the
variable®*t, and not as vectors in X ). :

(0
I %f— h= ,r af (x(s),s) h(s) ds

We can estimate:

& tot+a
| (1— —i il = i II II Inll ds < 2aM’|n].

to—a

af :
so I1-5Li<2am,

.
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Further more
t

I F(xo, 758 I=lx~8+ J f(x,s8)dsI<| x-S +2aM
e

Now we have not made any assumption on the range of §: Let us assume
that we only consider § s.t | §—x, || <b’. (b'<b)
Then | F(%0, 7% )< b’+2aM,
Condition (i) and (ii) of Theorem 3 reced now
2aM'< 1 v
b’'+2aM<b(1-2a M)
These conditions can be satisfied by taking a and b’ small enough.
So we obtain
Theorem : Let f( x,t) be continuously differentiable with respect to x and
bounded with respect to both variables on Tey X Xy
Let the solction of
x'(t)=f(x;t)
x(t)=§
be denoted by x(t,§,7)

0
Let 1351 < M"and [f]<M on T, X X.:

Then , for §EX, there exists a unique ‘- sountion
] X ( t, §, T)
defined for 7, tE€T., x(t,§°7)EX,", which
.depends continuously on § and 7 ( in the sense of being an element of V
depending on § and 7 )
if ; 2aM'<1
) and
b'+2aM < b(1—-2aM')

Actually , because we assumed f differentiable with respect to x ,we have also.
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Theorem 5. x(t,§,7) is differentiable with respect to § and satisfies,

0
i -a—g—(t)= y(t) , the equation
y 0x
y(t) =1
P roof y(t) is a linear map X—X and from the .
Remark 2. following Theorem 4 we have
oF oF
— v + — =
0x d§ g
7 : .
But 35 = —1 ( the function T.—1I1 , I:X—X identity )

and so we obtain

-t
2
yt)— f a—i(X’S) y(s) ds—1=0
i 4

But this is just the integral form of the equation of the state-
ment is know as the of the theorem. '

Remark . This equation is known as the variation equation ., One may derive
X ; . -
one for e too, if f is assumed continuous.

Now we prove as a second application a stability theorem..
Suppose we have an equation

X! =i (X)) s f differentiable X—X

and Q0 is a singular point : f(0) =0
Then the equation can be written

x'=Ax+ g(x) - () i
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(x)
in which A=o and lg"x—H" <% 1)

We hope that the solutions of this equation “ behave ” very much like the
solutions of
x'= A;

Suppose that X=X,+ X, , both X, X, invariant under A, X,N X, = {0} and
A|X, has only eigenvalves whose real part is negative and A|X, has only
eigenvalves whose real part is positive. Put A, =A|X,, A, =A|X, .
"Any vector v in X will be written as v=v,+ v:, v,€X,, v,€X,, v, and
v, are unique. -
Then [ et vi] < Ce#* |l ti =10

' I e vol < Ce™ | v, t>0
for some . #; <0 and some C>0 .
‘We want. to prove that X has a subspace S (not linear ) which in a way looks

like X, ', and such that any solution &tarting on S will stay on S and will

approach 0 as quick as e’ A
To do this , first choose a ./1,/!1< # <0 . Introduce the Banach space V.
of functions (0, )—X such that | e=#* x(t) | is bounded. We give it
the norm [ x[«= sup [l e # x(t)| .

t 0

We convert (#x) into an integral equation. Then we must adapt the integr-
al equation so it can be written as F(x,)=0, F(x;)EVy if xEVp .

The dots represent a variable whose nature we still must discuss.

x'= A: + g(x)
We interpret this as an inhomogeneous linear .equation , with inhomogeneous
term g (x(t)) .

Solution is



2
°

ot
x(t)=e* x(0)+ [ e**® g(x(s)) ds

0 Q

t t
= e’ x,(0)+ e*®* x2(0) + J e*“ g, (x(s))ds+ J e*?*®g,(x(s))ds
) / b

[F-4¢9] |

Now , because lim |Ix—||=0 , we can state: for [x[. small enough
0

x

lgi(x(s)) | < ellx(s) |l
so I gi(x(s)) | < eer x]a i=1,2

We first use this for proving that

[eo)

J. e gy(x(s)) ds
0

. converges , if x€ Vu, and [ x|, small enough .
Indeed [ e=22® g, (x(s)) | < ee* et ||x|x for |x|x small enough

=¢e|x]n e*r p+p<0, so

convergence is established.

oo
If we write vy(x)= [ e*“™ g,(x(s)) ds then
0

our equation becomes

x(t) = e** x,(0) + e** (x2(0) +vy(x))
t o0
e ettt (x(s) ) dsos  fivetaliy ge (x(s)) ds
0 t

We prove now that if x€Vp. the first and the second integral represent
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.functions of t that are in Vu again . This is a little tedious computation:
t :
’, fers [ e gi(x(s)) ds | <
0
o t t
e [ emo e |xlads=celxlu [ e" ™ ds = elx]a [ e d
g+ 0 0
which is bounded as ti—p<0
(oo} co
| e [-e*2® gy(x(s)) ds | < [ e # ef1o e el x|p ds =
t ’ LA
O ) )
elxla J e ds=elxul J 7% ds,
(5 0

this integral ‘converges as g + #<O .

Now if =x(t) is solution of
T ET=t AL i), (*%)

and x& Vg , then:
e? (x2(0) + vao(x))

must be a function in Ve . So X;(0)+ v.(x)=0 . So we can write

€ co
(1) 0=x(t)— e a— [ e g,(x(s)) ds+ J e*™* g, (x(s))ds , a€X, .
0 : t

( onversely , if this equation holds for x& V., then x is a solution of (xx) and

X1 (0) .=a 3
So let F(x,a) be the right hand member of (1), for

F(0,0)=0 so condition (ii) of Thm 3 can be easily satisfied.

XEVy, a€X,

Take p=1:Ve—>Vu.
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o
t o g
OF 1 ety — flemes 8GN iy g 4 Pemam & (8)) oy
0x 0x 0x
0 t : . Q
a -
As g_)g{(O) =0 , a—)g(' and g)g: are arbitravily small if |x|. is small enough.

So we get a unique continuous function
Xp-— -Vu i a — x(t,a)

such that x;(0,a)=a and'x(t,a) is a solution of (**)

aF il At
B = H — —e**H
If we apply
0F 0x 0F
Fx-fis t8a 20
and compute the derivative for a=0 (—x(t;a)=0)
we find
e I L R
da
putting t=0 we find
S_X(0,0) H=H
a

XxEVy depends differentiably on a depends differentiably on x. So x(lO,a) is

a differentiable mauifold S for a small enough , which is tangent to X; in O.

p oy
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Historical remarks and veferences.

.Hist'orically the use of successive approximations for obtaining solutions to
differential equations was practised by astronomers for a long time. The first
general convergence proof- is due to Picard (1891, Bull.Soc. Math. France )

Only in 1903, Gowrsat used this method for proving the implicit function

theorem ( Bull. Soc. Math ) but the theorem was already proved by other meth- '

ods in more reotricted‘ cases ( fanalytic orso ) by Cauchy and Dim, and in
the special case of roots of a polynomial depending on the coefficients , using
succeéssive approximatioqs , by Weierstrass (1859 , Werke I ).

Gencralizations to Banach spaces were developed by Hilde brandt and Graves

(1929, Trans. Am. Math . Soc. ) , and the first appearance of Banach spaces,

in this kind of theorems go even back to 1916 ( Bermett, Proc. Acad. Sci .

U, S A ) '

Basically , everything we have done. is contained in the articles of Hildebrandt

and Graves. The stability theorem of the second application is also very old.

A good reference for theorems qof this kind is ., Mc Graw Hill (1953) A good
reference for Theorem 4 ( The usual implicit function theorem ) is Diecidonne’,
Foundations of modern analysis. Ac. Press 1960 Robbin ( Proc. ‘Am . Math .

Soc, 1968 ) proves existence & uniqueness using the usual implicit function

theorem plus a trick to get the “ starting zero ” F(x,, to) =0 .

The idea to use the implicit function theorem for proving stability theorems is
due to Dr J.J. Duister maat.

The advantage of this method is, that one obtains the dependence on ’ initial)
parameters in a more explicit way.

The above litterature references can all be found in the library of the Math.-
ematics Department of National Taiwan Unversity.

An article in which the above is worked out more and with a few more exam-

ples will appear in the Taita Mathematics Journal.
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SAIFERIE , BRHBE , WRMRR  (REKSB R, KK~ TR RARFELY
THEBE , A5 B D SR , AR R SE R o T RA —EREHER
RSy , Fot R BT AR B R A

MR A , FEANBREESERANEE ; 5ARSERLTTARY , SRURSHAMR
ERE AN , REABREENE ARG ” , AEERAMLESR, D 1,6)
BREGRN , TN RIS , (4 TEMRES—ESLE e k)
Bl— S , BER =% RERR o 11 (B — ) #$ B CD S48 EY AB WLIE !
ViE# g: AB > CD , g ((x,00)=(x, f(x)) , ccL ?

f
1
i
i
AC1,0) B(7,0)

um=%«x+sxlgxg7o FEEHI RIS, B

%%%XH6)=%(m+5)EUm=n;-ﬂgﬂl—lmﬂg%(mm,ﬂﬁﬁﬁﬁ—ﬁ(my)
£ ok @ I3 =53 1 ro=y=(x+5) FHERINL, BREN

SERMEARNE , RV PREREERR , EETUAHRLHEE | SHEREDKER T HMEER
HARER : “ fF-HBE QENR—H—HIE ” , BT+, Contor HMRAFT FEAIRREL R
“ RAERN—BEERAFAEY ” o B EREHA R —EH . Cantor BR “WRZKAF
TREPAES , IZEATHU—H , —HHEN , BERAFRT " . SROBIERBMEFENRE —
S EARRIEERE ——HE  MEEBRRBNES ——HE , REERAETEHZT . -
BEEMBEBEANER —& . BB HEMEFFRE cardinal number .

A5 T ERIE RERHK — T HEE AR cardinal number :
— ~ AR EEEHE JRA ?

SEMEFIBER G IREBYHERRE , N8 Georg Cautor BIAHRER: , SHENETELREN

BEAFMBRERARZEY , THRANW , ARHAGKRES LA EELTRNES  BR
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B, BRE, FEYN, B, FELN=ANSEERERES, WI«JE%% (=AY =Rk
, BBERMTERICEMBEER THENWER .

RS R AR — N — BRI T RERAR 7 R W ?
E—-REREROEATN , CERERBY  TRURTRARRS , BERFMSEHA= {n|nR
)} ,B={2n|nREK} A {: A-BEER f (0 =2nfA, BR—H—HE, M

BHEZ ARSI EE , LPEMBEZLAD  ERRERESNRBEEAHTR , FEEE LA
HOHHS REHE , MERKETTL .
TH EEEES , TROBHRUOMAE , RFAETME , FFUERR “HMEZ , B35 TRENS=

 EME: P RERSEERRREAHER , B NERRE R,
TR RS , ¢ B EAEBAS o THRAR—H—  BR FRAKEEMNEEER

HLAMEY , RIFHEERR " £4EBES S “£4E—HN—HE” , RE Cautor K

cardinal number Bt HIEET4 ,

EHEWT : EHA=B , % Jf:A-B, {8 1-1BRKEY, FELEATRNES , BLT
5 B#F 4 equivaieut classes , ZE[f—1EHAY equivaleut class FZEAHFHAK
cardinal number , ( IR B3E cardinal number FtREATT EHEBIAT )

Tl “ Z#&AHF MR cardinal number & “EHE—H—HE ” ,

BN EREAT :
QD EABEKBELER, kKEEBRHY , AIFEME card A=k , fil card {1,2,3} =3 .

T (b)) NBEAME , Al card N — E4EFIEEH card N=S, 1—2, 3—4,5-6,:
Bl EA R Q' MERKE —— N, WH A V{Qﬁ%ﬁé;é;é"
o, M=, fIR1,2,1/2,1/3, 3,4,3/2, b oo, ek
2/8,1/4, 1/5, 5,6, = — Wl , HERBA 11 i 2/535 e L
HHE, .. card Q*=S, , FHLE card Q=S, , KA 1/4,2/4,3/4, 4/4,5/4,6/4
PR . o

(E={2nnREAK} , BFNHEESKER NSE (EINHREE—H—HE) , .. card
E=S, ,A&% O= {2n+1|neN} = N.

(d) REFEBEBFTRNES , MW card R —EEBDSE card R=c .
BERMEE cREENS, , siEKMANE cantor BREBH c+ S, , RPN EZR
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5k« HMBRBFTERBER c=S, , FEFERTLUBERIIR 85 , TF—EERD »
BNy AR, RRBEG TERBERM—@ . 0
x e R, MAEHFIH o B2 FRuE1 i e i S T R
B, IME x = N.abcd -++v-eeee HFNBE Na, e i
BEH, a=10Rax1; a=2MF a, =1, N4,’d, & v A28
b=182 WRE—BMIM by , ¢ WER cy-eer :
B xANERBIIFEME , MxeR, B —

... card R=c&xS,=card N )

(e) card (—=1,1 )=card R=c. A
HME® f: (-1, 1)—>RUEA=

xe(0,1) £ ESAMx EEH %
OY 2%% ( AxN0Y) 0 ; =
Aaxs (1500 filx)i==af (X ) B =
fRIM] , AR PE—TRxTUE OY M ER—B P RZHEE , - TTLE (0,1)
h#%3|—28 APNOZ =y f(y)=x ¥ R~ ptuR—8 . (-1,1)=R.

(f) card (0™*,1)=card (0*,1) =card (07!, +1])=c l
KFEEHEE (—1,1)=(0,)(—1,1)=(0,) A Mo
R (0,0)=(0,) v df:(0,0)>(0,00)

f(X)=x Hxe(0,o)—N—{0}, fx=x+1
ZxeNU {0}, £ 1-1, BE
“(-1,1)=(-1,1) card (-1,1)=card (—1,1)=c¢
BWAGRR(—1,1)8(-1, 1)ZRHFK,
W~ HIEEFMBERI cardinal number B “ " , HEEEBERY 5, EX—ENEER
2
FA 48 E REFEARE cardinal number , FFLIFR M E% cardinal number EMINERESR
TEHREFZINE -
FiblkMEEE—@EHT : A=1{1,2,3},B=1{7,4,5,6}

card A=3, card D—4 .

=

N

!
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3+4=7. . HEMEMFL card A+ card B=7 .
AT DU B R 5 B R card A+ card B= card AUB , NBA—EEREHE ANB=9¢
RELEHS .
cardinal number HIEEES :
S, S /= cardinal number ; ZMUTLLERMBEES
.A,B, ANB=¢,card A=S,, card B=S,
Al S, + S; =card A+ card B=card AUB
EEEERATHERBMEEEEE R cardinal number , NEBRFELALRBZ— Fi5E
ERA“ well -defined ” , LR “ MR ANB=A'NB'=¢ fA=A', B=B’ , 3 AUB
=A'UB BER? ”HM card (AUB) = cardA + card B = card A’+ card B’
= card (A'UB’")
BrLlan AUB= A'UB' BRBEE AR ERET !
R :AUB-AUBMIx)=0,&x) , R xcA f :A—A" 1-1, onto
) fx)=f(x) ,fxeB f2: B—>B 1—1, onto
. fBMH AUBBE A'UB' fy—% —5fE ,
. AUB= A'UB" card (AUB) = card (A'UB") &3 ,
BEE cardinal number # S+ S, BfEERE , MRS cardinal number —AFFKILLE
& fis P ik S '

T Su=card (Ushu) pes - Sp=card ATIE AuNAw=¢ o, fes.

AT, REXEE A IR
(a) So QF So =So 'So= card N .
card {1,3,8,7, "} =card{2,4,6,8, =card N=S,

M {1,3,5;7, Y@ {2,476,8, =¢
{1,3.‘,5"7’. ...... }U{2,4>,6,8,. ...... =N
“ Se+Se=card {1,3,5,7, } +card {2,4,6,8, - }

= ¢ard {1,2,3,4,5,6,7,8 }
. =AS°"
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(b) S + Sy +eeeereees =S,
———

S &
card { X115 X125, X135 *** X » } =S, Xy 7 Xiz, xm/’f' .....
card { Xz1, X2z 5X2s 5" X =

{ 21 5 X22 5 X23 » 2n 5 } 0 Xo1, Xzgs 0 '/'Xm, ......
card { X1, Xa2>Xgg, v X, '} =S 1'/ e /

K31 Xag, teee Xgn 5 oreer

M 78 SR AL RIS — 85 , Bt
Bl S, + So oo =S
ERRAFKAEN “ countable union of countable sets is countable ™.

(c) a+So=a , MR a BMEMBH cardinal number (WE R a = card A , AFUEFE—F5H

B (x; FRMETREF)
&XUAF Xk l#kaj%l

£EHA, A=N)
card A=a , card N=S§,

: M A=N, .. A hTRAK—HF {a,,az, e }
E f:AUN>A f(x) =asm, & x¢ {a;,as, = }

f(x)=am & x€{1,2,3,4, - }

f(x) =x E xeA—{a;,as, e }

.a+Sy=a,fFa=card A, AFF ACA,A'=N.
5. C+S,=CHB—%#, =~ NCR, N=N.
dC+C=C
card (—1,1)=card (1,3)=C
M(-1,3)8E(-1, 1)E-H—HE , HENE
i (-1,1)—-(-1,3)  fx)=2x+1
x+1: 2 1 =
B ek ) REA
card (—1,3)=card(—-1,1)=C
card (—1,1)+card (1,3)=C+C=card (—1,3)=C
(e) €+ € +C Hseeise =C
S, &
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. card (n,n+1) =C
W g U (n,n+1)-—{x|x21}
n_

. card [1,2)+card[2,3)+'-- =C+C+-+C+-:.=C

7~ ¥ cardinal number FFERERIL ?

SERMBHEN, —2, -3 HAE cardinal number , MEHMEANWEER & FEM
C+C=C,C+C+C=C+C=C,C+S=C,FhlS, CHECHMERTE , Tl
YERE cardinal number FHJEHE ,
~ BRREER , RARETHALFIE B RBATFE , MLBEREE cardinal number BB ?
BB — TR card A=3,, card B=4,
3xX4=12=card AXB
FIBE= cardinal number FRESEEEZEMT :
Si=card A, ,S;=card A; ,H| S,+S,=card A, XA,
ERBEEERR “ well-defived ” 7HBERESF—H cardinal number (S;,S; )%Eﬁ
TELME —HETLR ?
TR HESG  RFSIKE (S1,8:) HE card A X A,
N i %~”m%ﬁ R card A; = card B,=S,, card A;= card B, =S;

] §1 Sy = card A, XA, S;*S; = card B;XB;

FELARSEZE A, XA, = B, XB, BERIL?

A =By, A=A, fi: Ai—B;, f:: A;,—B; B 1-1 B,

: g:MXN—-M XN g(m,n)=(f,(m), f(m))

gRT -1 B,

+ cardinal number KIFRERE WA LEEH KRB NRAMEE?

(a) So+Se=S, (l,l)—’(l,Z),(l,?ﬂ/—’"'
Se*So=card { (x,y)|x, yeN} . (2 15 (2{:(2:/)
(Cx, ¥ x, y N} TANSTRLAEE f i
RS . 3! U,(3F>(33)

" 860Se =S8, (4%1) M S A0 il G L ) N

-~

} 1.
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(b) So+C=C
SeeC=card {(x,y)| xeN, ye (0,1)}
RFESE £ {(xy)|xeN,ye(0, 1)} >R fGy)=x+y b
fR1-1 vEFEXtyi=x+y:, Bl xi—X=y:—y: [xi— x| >1Ti|y:—y: <1
XXXV~ Ve, BRIE xi =%, yiTYe
So C Xy V)= Xe s V2 )
BEiARHmE , F{(x,y)|xeN, ye(0,1)} =R'CR
" card {(x,y)[x¢eN, ye(0,1)} RZHLC/EHEE, BR
MEEHE g :R— {(x,y)|xeN,ye(0,1)} gy)=(1,y)
#EEC R ME /IR card {(x,y) |xeN, ye (0,1)} T,
S C=8,C
HEHEAFERS , RFABEEHERLAT cardinal number HHXFRREG . EHLEEN *
S, <3S, # Ai,A; Si=card Ay, S:=card A, , T AiC A, ,EXFRFELINAEA
WA F=—f , RFERT RORREtEE . |

(@C-C=C .
Ce.C=card A= card A{ (x,y)|x,ye ¢0,1)}
" xe (0, 1) BARR 0.x, X xs -+ LB 1HLL0.999 -3
£:A—>(0,1) , £C0.%Xe, Oeyiyaya =) =0. Xiy1XeYa Xayarroeos
BlfR1-1 & 0.a;azag - =(0.b; bybg -+ee+- Sl
Bl a;=bi =~ .. Q.agagssm = (0.bgbg ceeeer
0.ajag e+ =0.b,bg e
ME outo .
(d) So ! =1 23 -eoee B creses B F116)
Set =card (1L, DI {(2,10,2,2} 2/ (2,2
) LBl e (3,*1)/(3+,2) (3,3)
X {(n,1),(n,2) = (n,n)} Xeeeeee ) 7
(4,1) (4,2) (4,3) (4,4)
= card A : g =

¥
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=5 So ' =So

fHBRE—EEEBERE So 5 URC, HERERLEH MY cardinal number ?

BERGRBERI , S—RFEEE cardinal number HFEMPFIE card {f : A>B |
.card{f:A—>BlcardA=a,card B=h}=0"
A 2°=card { f : A— {0,1} | card A=a}
M {f:A—{0,1}|card A=a} = {B|BCA} " gg(f)=f"(1)
. 2*= card P(A)
i, BERMPTLUE—Hafm2® , (B Cantor theorm)
(1) card A=a , cardP (A) =2*
%'i f:A—>P(A) f@X={x}eP(A) .. a2
(QERa=2" TGRIE"?
ZMARE f: A-PA), 211, BE,
REVxeEA, If(X)CA, , TR A'={x|xef(x) } CA. ..A’c P(A)
'_.'.f%ﬂ%ﬁiz, Soodx0 , f(xo)=A" HEE x,e A" , B xo¢ A" B ?
TAR x0e A Bl x0¢ £(x,) Sox e A (HAZER)
C A xo € A HI xo € £(x0) Sox0 e A (HAZESR)

L mEREEE L, 2 > a .

F}fﬁlﬁe@ cardinal number a ESELIFLE|2* >a , Fld cardinal number A RS ,
MEEARE , S, ,.CZAEES,

CBHREMERIEERERRE , —RETRANRA ( ARHS EE—SOEEERETD

DD

SERERN , BFEAAEEREY T EAE , IBREAR cardinal number B9HEA S| — R
, MRIKET , RERLUHEGE BB, MERSFR—T , BIFE—T €T RESE, LR
BEABERE ; ERESERA LI T ESARHLTRE ,

F:82E5E : theory and problem of set theory ( by Seymour Lipschutz )

Topology (Dugundji) fundatias of general top ( William j Peroin )
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Interoduction to algebraic topology

~ i

THEEE BT 7o BT & B i BE B M N gt
BRHE , —BUH REEFAERMES (R
)RRk, DUBESE P AR A MF R , MM
TP EERE , RE L4 5 E Hee il
WA , s E S BRREENEM , WELEF
SEBHENMSHREEERERE - FEME, £F
ZeRIHEBAERR  hEEP R E RN EEI R (
homeomorphism., , EJ /i B:i4E HA — IE /M 5 &
B5fE BEER R ) IS RS, MAe
& i1 B 22 RIAEBR o ZEFREEE S , i ( knot )
FEE—ERNEY , ERZBRE=Hf+r®EE
BT, AIREEA S e =HE22 e rE K22/
ByFZef , A AT 5| VY22 ek , R
BIRIEET o bRk , AEEAWEMEE , —&
ATER (KSBILE BT Hth B S Bl N i B iy
) s —REKEREE HEF A 22 ME] imbedding
(B FNZEH ) 8, & BREZE AP s
BETYOEOIEE , LEET , EFSHS %@
hEREEMOED—&, —EEAEN , MK
B2 ML B , s —EARETE ; B—

ulll
{

i el A 22 AT A R B OB B, B

REAGKEE , P FEWHER R EAE -

MERZER L , 38 7] R 57 27N/ A E
¥. RTHELEEHRPHRELR , HATHR
ESEO B #8 , MRRHZE Brouwer T Alth
By complex (&) £ , EERHGKGERE
SRAYURAZ ( manifold ). Rt . T M5 H FIFE (
homology ) , L7 ( Cohomology ) -[Fff
( homotopy ) B ([E# - LAAWERES
BEE 70 £FH) , FELE, @& (RE) Hk
T EmZ2 MIRYEE M ( connectedness ) HYEE R,
Rt % & Poincar’e (Poincar'e 7€ 1895 #&H

HABEAE A o Hurwicz £ 1935~ 364MH A ~

feoia: ) , EERTREHBERBFHBER (
R ) HE JIEY R RE . BR AR
A M VY 4 KR |, T A RO AT T e

BHFE (BRAE) WRABRTARE , KEEA

## ( fundamental group , iﬁﬁ'—ﬁﬁlfﬁﬁ),. %

B 78 (Cohomology ring ) ZKE 7, &
HWEEE , ZEYRHA ﬁfﬁﬁ?ﬁﬂﬁ%ﬁ@wﬁ



, RESHES , BERRBIT . AUEH “notes”
S —ERENES EEER (BR) M8
B, BRITRIE PIELE SUE BBISIR AT
pEET  BRf - AAGZERTE Brouwer's
7EBLEH , Jordan- Brouwer Separation &
B (4R n MERRE S® 1AW S™ 4 EIRAEE
@5 ) BfeEEAEE (F£—n KBRS HEX
ZhE—ER ) RTAWERATD EE HRL
TH#Eks ( Category ) EAMMRAMES, TR
ATRAHE , REREMURLHEERGAIH
& “ exdct sequence ? , “ excision theorem

» e T AKARII
~— BT R A~

0-1 " RHEP+1MEE u, ur W ZEnfERK X
z R , ARG

m m ]
s={Z x,u1|.z =1, x>0}
. i=0 i=0

WELL uo, o un RTERAECR mEEM
 (m- simplex) , Bl Cuo,ty, tm )
£Z .9 e=(00,0,,0,1,0)
Hepl BES i+1 LEREASE, A
Ceo, = en) WLPFEEYE n MEEL M , LM
Lo RZ , BlIA L0 B—B, OO0 B—HRBY
s e B—EAW , o B—HEE
—fBEZKH n- simplex & —EH L. 3
HETEHXAEEEE (AERR )

6 :MN—X, M n=1, Rl o, B—*

0-2

0-3

0-4

0-5

0-6

85
EE” (path) , fl n=0
Bl oo TTER—%
RCERRBH (BFREBMEZ) , X
HE—FhBEZ2 R . AISKEE ( Chain group)
Ce(X;G)={Za0,| a,€G,0: e — X
BEMEE |} , RTERBEGHHES
P- SR ETELEOEE , Hp ZEERF ,
Ce (X3G) WHERR Cr (X) o ABHEAT
B Ce (X32) 3| GHIRRERTR A BE 25 2
K FE ( Cochain group )
C*(X;G)=Homz(Ce (X;G),G)

={f|f(o)EG, IRES
P simplex}

Hf:x—>Y #EE,
H £:Ce(X,G)— Ce(Y,G) HES
B f,(Zag)=2Za;f(qg)
B f, BB 5| BHBIARE .
#H oy ur fE Ea PRER , EREH
Cug, urs rsup ) 2 O — (U0, sy e up )
m 2z Xy et > z X; W
Al Cuoru, =5 up) M wZKRFAERR, B
(eos e, e )%@—Eﬂ ( identity
map ) . :
ROBXHESEP simplex . B 0 B FRE
Fd ( boundary operator ) #REEMR
do=0d (e, er )=0(Z(~1)(er e
cer)) =2 (1) (e, Biver ).
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0-7

0-8

0-9

€ Ceoy (X,'GD

HeAF (eg,r @i ep) i Deoy = D
(eFEH e E—H)

F#—%, % a,0€C(X,G),

HIEZE d(2 a,0,) =2 a,d(0,)
t=dod=0 : Cr(X,G)—Cs.,(X,G)
(B EHEY— LR droide=0)

—fE#E A Chain complex
—FF AR R Ca iR B T
d:Ca—Cuy, H dd=d* =0
—EER ST/ Cochain complex C A&
E—FFIMRZHmE C* FIFRE (BRREHT
) 6:C*—>C* H dd=02=0
#Fdo: ComCony -
Bl@Ker da=Z. {C)= CHy n-cycle
( n FASK ) FTELZ B
@ In doy1 =B (C)=CHyn-bdy
(nBFR )R B
@H.(C)=2,(C)/B.(C)=C Hn
MEFFAEE (Z. (C)/Ba (C) KEGH )

Casa

0-10 O#FX={x}, EURE—‘E% P simplex

o e — {x}
Of .y %P>Oﬂm
t d( )= {
AE dlon=1, 0 e p
0 P>0 @&,
= Z,P—Br—{CP P B

HE ffao: faeG) =€ X:6)=G

0-11

0-12

0-13
0-14

0-15

0-16

0-17

HP(X:,G)-:O P>40
@&FP=0, flH, (X;G) = G
%Ho(X;G)=ZO=CoEG.

# X¢ HRE path-connected
H] Hi(X;G)=G . e
HARXWIFZRTZEM , B XEZ path
connected , Al Hy (X,A;G)=0 ( &
TR AR , MA=¢ , Bl H, (X, ¢;
G)=H, (X;G) =G
H A= O EEHH (relative ) FFAELEIS
BILEY C AEH ) FIFARE
Hp (X,X;G)=0 v P.
WEMEEE f,g: (X,A)—> (X!,AY)
£ F @ ( homotopic ) # E M B E—HE
R F: (XXI,AXI)— (X', A fF
B F(x,0)=f&x),

F(x,1)=gXx) Vv x
AR =1

Fif=g (X, K)— (X' AY)
B HRE—P , TR HARE
fxe 5 g HHE ’

= .
0—>A§»B-+O% — exact sequ-

ence AIFIRE g & —F# .

4:S*Ai>BE;.‘_C E>D% = LeXact .

sequence H h —H—FE— & - ‘
BRAR g REAR.

X, YM#HEZEEEHERA homotopy
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type B AWML FEBREY {: XY, FH o
: g:Y—X , 18 fg = identity map of MR {x} & XK deformation retract
v X gf:‘identity map of Y , [HFF R X W} fE W] 85 #E £ — B ( contractible
~ f,g W} homotopically, equivalent. to a porint ), [t X D2 BE3EE (
018 E f:(X,A) (X', A B—FAE, simply connected ) ( EJEAHRAGE
. fae —JL¥% , B X8 arcwise connected )
i R Bl (0, 1), (—1, 1) HURBE—%,
e 1 7 BRI #9 homotopy type.
o 0-19 B B il kani e, xid) 1B k0 <1 } Wi sR—T , I “ S™'RE E* & retr-
S= ={iC%s 5+t X N1 8 %2 =1 ] act "SE—EH , & Brouwer EEE
© Eit={(x%)ES|x.,=>0} "
Bi = {(x, o, %)ES <0} 021 O £, g R X P MM ,
2 Ba il ain B () =g
Al Hp(E,", S*™*') = He(S*,Es ) ' A ffgzgkehi fog: IﬁXHiiﬁ
=H:(S*)=He: (E*,S™!)
SH (BT CR 2iax 1 ) f2r) (o<t< %>
Fibl He(SD=[G(p=n >1) (fog)(0) = y
J() (p>xn,p,n>D g(2t—1)(§_§tgl)
ki 0(n=0,p>1) - : .
[ @FFBE , AR EKRE equival-
W SRBRRE L ent (f=g) # EMHHE—MHE
* 0-20 ACXZX# deformation retract BF:IxI>X , ﬁ@:
FHHMEERFAE — retraction r:X—A F(s,0)=1(s)
(Bl r(@)=a, yva€A) fM—Ff F(s,1)=g(s) L
f1 0 ST xeX F(0,t)=1£(0)=g(0)
f(x,00=x, f(x,1)=r(x) , ¥ F(1,0=g) =£C1) tEI
a€A,t€l, f(a,t)=a ,EHBR
#F, inclusion map i Sl X 2| : EHBHT, “ =” £— equivalence

H—RERFE T, (A,a)En(X,a) Z relation FHMEE homotopy
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0-22

0-23

0-24

0-25

class (f)={glg=1f} .

Wk, (X, x)={(f)| f BR%E xR
—FAER , f(0)=x=f()}

Al m, (X, x) EOFFT AT FEE ,

EANBZRBXIEx BZEARHE (H—HR
fmdE ) o :

lifting lemma : % f B s' Z—&EK -

CEp£:(0,1)—s3EigE) B £(0)=0
¢ R— SHEHEB ¢(x) =e¥™ (HEA
&) , AIZERePFFEME—HER ' 65
pofi=1f.

T XY X 5y
Yo

X : path connected

o:m,(X,x)— H.((X,Z) B—[Af8
H kernel & 7, (X, Xo) Z— commut-
ator subgroup , 7, (X, x,) N—TER&
abelian , HEMESE . Bl 7 (X, x0) =

Hy GXoZ ) oo

—{& (paracompact ) Hausdorff Z2[H]
2/ RIGA — BB n K disk FAE,

B hZe - n-manifold, & n=2,
B 1572 PR S SR A B I R U — 1
“ surface ” , fE— R B EFERTEM S?
R, E—FFRE TR R 2 —F
£RE , HHLRPREEEZ dim , Al
F1R® ML , Porincar’e HEHIE— &K
BEGEZ =W S* R, ERIEZ

W7 Xix)®

0-26

BEMRRR  HETE , R BRI
R PIETERY ( S* < ST )R S,
R . B+ mE#g 22 A S A MR 8.
R B, ENER , EERMZU Poi-
ncar'e 22[H . HMATAM Poincar'e 22
MARES , BHPERBRARY , 0
FRAERK T E82EME—M . Fragm
FEHEE ( BEEMERY ) BR “ Aft—
H P MAFKE . —EEEZER Poincar'e -
conjectuce RAE—R# n R EMS
“Ffa—2 ” ( homotopically equiva- |
lent ) BIARIME o BERIREE n > 4 R
S.Smale Z£ 1960 FEMH®RT , Hn=4
AR o |
— AR e SH triangulation ( =A

WS ) ma—HAERSEEES HET

£A{T,, T, T}, —HRARKE
§0L:Txl—’T1(i=l ,'---m),ﬁqJT,’
2R W=AK, 5

I projective plane P® #Yy triang-
ulation ZF :

(S

torus AJ trlangulated /(i



) 2 3 |
s 6 4 9 (B TE#,
K 18 E=AK
78 9 T - 278
| 2 3 4
A B C A
F
P D
E G
7‘5

A B e A

7 ETRE

14 A=A}

21:&

1‘&%% P2, torus , S*HY triangulation
By TR B E S R/ NET Bl Euler 7R MR8
STEHK (BE4.H41) .40 h(P*)=6
. hCtorus) =7, h(S*)=4 .

R fethmz TS s , RES
L e —IF EE B L,
i L el & — @ countable basis o 2R
=HE =R 55 tEE E. Moise
FH (1952) T n> 4 ReHIKR SN , AT=
A RS T E/EE n /R 8T LIA
“ W fk5EH 7 (differential structure
), Mn>8 KAl (RIS —EHT
- BHEM. Kervaire #&H%KH#I Do Kerva-
ire % Milnor HIZE S* _b7RR I #

0-27

0-28

89
BEEBm T : S°:1; S°:1;57:28;
$%:2;S°=8;SM:6;S":992;
§W 1 st 381 80 8I% 01 6256
S1:16Xx10°. ( fl1f3FE HH £ —2H
n, BEEHEER)
E—HBREAY KHEERAFARH He(OE
— “HFRATH4 ” (finitely generated)
By R , RA— B A BB E A FR1E
BER “EM” (direct sum ) [#,
H— B BT A T E S K §948 p B
Betti B(ER1F be (K),F T 095 FRIGER R
AW k9« B, A RARED
TR k 955 p (ERRE . BES a» K) &
k B9 p - sumplexes HJ{EEZ , B Euler ;8
HH XK =2(-1)a,K=2(-1F
br (K) . B Euler Poincar’e for-
mula HEARXRBEMENE S THURE
FEEERAGAER, fl—“H 7 F, HE
HHB0(=12-12) , HASZHEEH
M H (K, Z)=Z , fill b:i(K)=1-0
=1,®H/(K,Z)=Z.
—EEAhE AU EEHE p ( genus ) B TEE
I B T T 37N 43 B L B ET RO AR
HIRA AR B i KBS , B/ —2K
V-E+F=2-2P ( V:[E%#% , E:&
B, F:m#) , & kZE— simple po- .
lyhedron ( EIFfI STHM ) , HEKRO
#HV—E+F=2 . #EHE( torus ) %k
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B P10 VS ERE=0

0-29 —f# directed £ &H & —M@ partially
ordered £& A , HEBFRRMAWE : B
K a,BEA, FE rEAFER 1>a,
r>p.

0-30 —HABHYMRH inverse system T )

{Ga}aca , P Ga BB, AR —direc-
ted set, HHfE_a, BT , & >
o AIFE#E— I RE ap: G — Ga /2
OHFTA €A , T & identity
@ 1> B> oW, Top Thr=Tar
HRE { Ga,Tap, A} B {Ga, 7ap }
#H {Ge} £Z .
0-31 4GCTGe , EGHILRHLEYE > a
FFiR ga=map g8 , Bl GRT G ( &R
) TR, BMBMELILRHE { G} 9
SRR , Dl lim 4 Ge B lim Ga EZ .
N-32 #F 0-30, —HEMNEERM direct
system & { Ga,7%, A} , H¥ a> 8,
b : Gp— Ge WSE
@ @@ : identity (V a)
®@ mebrbr=nm2r Ca>p>7r)
0-33 #I 0-31 , ¥REM ZGa HFA
Xa—7P 30 (B> a ) BRI
- AEHETFRE, AR EE R
lims Ge B lim GeBEZHB A H ZGs/R
( ZXRER) .
0-34 Ru, v GRZEMENARAEZE, Al v

& u f refinement # E M EHE— .

Vev, 3Usu FE VCU ,u;bﬁ{%b
Ho>uzxk2, ,

0-35 ZAR— directed set , A'CA , A!
A PR BRGRAT directed , Hi A!
FEA cofinal ZAMEEHRFE—asA ,
HE—PEA FHE > a.

0-36 3% { Gat, Tapr, A} , {Ha,Kap,B}
REHBEZ BMNRTE . EIR-R—BRE
BFBRRIES o) =a' , WE— asp
4 fa: Gat— He R—FARE, AYFE—
B> a , Kap £ = fa Taips
=1l {fa} acp BHER ¢H"J-fﬂﬁﬁ§9’9iﬁ
R > MR REEEIR £ L lim 5 - faB5]
lim fo BZ , : :

~The Eilenberg- Steenrod Axioms for

homology ~

Ax. 1 Identity axiom : % i »(X,A)—(X,A)
R HEEH (X,A) 3 (X,A).H) identity
map , MHFEEE q , TF5|EHEKH

. FIEo ix: Ho(X,A) >Ho(X,A)EM -
PR Ho (X,A) 9 —18 identity & I ,

Ax .2 Composition axiom:

. 03 (X AN (Y, B

g:(Y,B)—>(Z,C)#R maps (E]
ERE ) U E—%Ha , 58
(gofdy =8xa® Fig



: .Ax . 3, Commutativity ‘Axcibqi g

£ (X,A) — (Y, B)REEEN,
g:A—B REHEKH, A x€A,

EEg(x) =1fx) , HIIEKRAER

R Ak (Bl0cf,=g, 0)

f
MR Ky TS Y B

H,.,(A) )

Ax .4 Exactness axiom :
#E(X,A) B—EH,Hi:A-X,
jr X— (X,A) & inclusion maps
BT EEERFS ( (X, A) WRFAFZ
s S e S SRS W )
— Hyy (A) > (Hrp i, j*, 0
BRFRE) , B exact FF SINENFRE L
FFIhE—RAETNS , HRARRBHM
% HY [F] REiK B0 /Y kernel B[ o
Ax.5 Excision axiom : # URHBEZM XK
Bré&E, BEEFBURERXMTEMA
HIRES , BIBESE a , I inclusion -
R RN s A
EHWFRE o esq : H(X-U,A-U)
—H(X,A) B—F#.,
(& : ERFWARAEHRS , URBEX
gBIT 4 , A7 Cech FFiERAE

91
e, UL B )

Ax .6 Homotopy axiom :
#HE,g:(X,A)—>(Y,B) s, 8l
HWEEQA, fxq =g %q.

Ax .7 Dimension axiom :¥fF—&&—B0
Bz {0} WS, 8EF a0 ,Ha
MERABEL R E—TR,
gl He(0) =0 .

(5 : ERARERESE (singular )HIEA
KR, REELR , &MAR
EMRAFRMIMER . X E3kmH
BERAZBHUTHR “ WEB N ERRA
HERAR , REMRFFHEH (X,A)
BT REaHBERAAFER(X,A)H
FEa, B[ ERRE L. KB i*; £*
A TAHAE HaX,A) O
He. (A) BB EITHIRRE

0
H*"!(A) — HY(X,A) - &)
i)

~Singular ( % ) and Simplicial ( E#f)
homology theory ~

—EEMEETY k BB K22 My F 226, B
& A PRMER K EMY I 6 K PR EE R SRR

| FEE . E kR BE B R — BT,

T — B8 AT 0 T BE AT 00 88 Rt —#H , RISEHE
Bzl k #9—EE#ElS ( Simplicial
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decomposition ) , —{EHEEZEE A —E g

KRR , AIBERN=AKES . & LEKHT
BEY , AIHEMESHH (simplicial pair
)(K,L) ME , EENRFAEGREEA (
W H R AR EZE R Cech i nerve of

covering FTEHAIFAME ) % K— L (MR
nfIRE—q>n , Ho(K,L) 5ER0 , —@
A A B A 43 B BR , ENRIETSEE (1

Euler mPE8 ) , MsE— B @M —EREE

— 2l W) B KERR B A AEA ARG EEE R RIS
EEATFOARERAS (RERER , 5—HF5
), RMES—MEMGTF , MRS RS
? A AR BEA ~ A~ JFEREE . S® MUE AR
REe&—TLHR, TEANEARAIRZ®Z , W
HERATR ML . R FRRGBEE , hFFE -
ZHEFRBEEZ , M H(S?) =0 , H, (@
)=ZQZ, HANAEK (BEO0-18 ) mM—FE
FIFBA LR ? RBHKE, S° LE—FAdR
CFIgR) BHE S* -4 R, MBENEBREE
1, BIE—“&E” (H$#) MEEES SR
FE EH MMt RBE “ nonbounding ” # —HERA
SRR LR , K BEI7EER R 7] fEp— B , T A (E Al
A, FELERREBARG EEMMNHEYE ,
MIEREEE , HMTELBEELEE (2) - &
B (b) &I , BHER—IEHF GEHRERBEL
HEEE AT ( cell complex ), 68 5AT4: FEEL
B, ERFRBBRGETE)

@ —{}

a b

BERT k% , UPHEBFERGEE L
%, BHEERE %R RS Z, (X, G)FIB(X,G)
HORGBE 70 3% RILR BER WA TU RO TR B, 7R
KIEELMES ) LB SR A T S TR R
HBE 7 L SRBE RS , A RS [
$, Bl a, Bk 2, RETEH—BOLSR , st
Rif a, + a: 2@ “ bounding ” —HEEASKEER
a, Fl a, FF 5 BIRKEF a9 RISk, 05 A%
BAR , FRRAE—EEMASKA A . riles
R A R MR R A PASE , AT LS —
Betti number 22 , GEMKMHEBRREE
AT ARG E ) o HER0T MY A B
Bt EIEEABNE ( cycles )BEABFERISK , 15
A B 3B R R R L 038 R T , T e b
o A B B — MEFASREV BBt R R RETF d,
i kernel # d, WER ) £ EPHIRTA FEE
— 8 o PR IE Bl T R SR TR TR+ do
#9 kernel B dp.,. 9 FSRTT BLHIRG B '

~JflE#E 5> ( Cellular decomposition )~

—EEAM KU ERREEET , REFE
TF Y A
OKKHE—ME P HEFRETRRKPiEH <P



~

® pnmMpEEE , B P DRI B B

.fcmm&—pﬁﬁm@jfmx Y, XY

TPHEER ST A o

BREKHFEEY , Y RKFHEENR PR
FapEmieE o :

@EX - YR— PHRE , AItERFH (X, Y)
F1 P #ERRE C BARYER.O P HERR ) 45 P HEfaRe s
RAHRMREFHE He (X, Y)H—ETAET (
generator ) T UM FASE o'k , B e milfig
KX — Y ARRABEER PHEMEE

@# a RKH—ERERE 14 PREMME , A da B K

P— 1 MEMRERIRRYER A 80F .
AP a3 Ehy — 1 22 P P 1053 0 BE | 3
B RO FREE R R , T PR R 48— L B Y ¥
e , RIS R R B R flE ,
— REHERE TR A o NI =[5 Bl R

A 4. N A A a B a A
b d b b o bisk ol b
A 5 A B 2 A e

E,P* ( BBHIFE) » Klein bottlefyfaed -

5o BRMEAARENRAR . (RTHRES
#, ABE21:H121~123) MB @ , H—
B_REMEE o ity BFR a—b—a+b=0 ,FF
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Blo B—EZHERASK , (2 LM E=HERASK , i a
7Z— “ nonbounding ” “fERASKE k BE—IE
FHIEERE , Bl kaZ “ nonbounding ” —#E
BASR , A DU Al /N0 Al A0 EEA X80 — #ERA SR 3
& R A ERE /A% , Tl e =R A
HR—ERIEEAZ , BH Betti number
b, =1, HEPERE—KERASKa b , fHE
N“ bound ” . ( ARME—H) _HEfRIERER R
0 ) , BTl ey —HER FRE R B MR TG B B
Ef(BIZ®Z ) ,H Betti number b, = 2
%, ME—HFEHEREAR “ nonbounding ”
B9 55 HiE A 8k

i Ho(BHE) =2, H b, =1
HERNTEP KR , HREBEUEBRBRZH
LR (WMZ)

Al Hy (PHs=27, Hi(P*)=2Z,;, Hi(PY=0

B Ho(P?*; Z;) =H,(P*; Z,)
={H,.GP¥; Z4 )—Z2
H,(P?;Q) =Q H, (P%; Q) =0(fTiK?)
H.(P*;Q) =

¥ klein bottle ﬂ(ﬂ% s Ho(K)=Z ,
HEK=2®Z,, H,K) =0 .
~ [ B A RE ~

FERT E4R BIEEE AU B EA St BT EI—#ER
FABZAAEINZ , b TUEABENNRENZ
o BWFRMERE L% B “ disc” D ,
Bk A AR BLE , TTLMER LIRS BT, B0
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FE 8 —HERA SR M RRSK s ERFRGEBIEE ,
DHER Z 2 —FA%k , AT HERBE—BmMA
RELLBRTE , AT DAL B8 at N BRI e T
o WM T LMBOEE AR (—HERMGR ) RS
FHER] R T (k, xo ), TFIERRASHEE (
n=> 20

~ Covering Spaces~

# X & arcwise fil locally arcwise -
connected , Al —{E3#@EHL & P : B— XU}
—{# covering map , HHXHE—Bix , H—
& arcwise - connected B URE x , #5
P~1(U) #9%—1A component %} & B I BALE ,
&L component X % P R BHIBEZE U o
thEE B UL X # covering space , f& T 9Bl
FrIEBH E'ZS' 9 covering space.

EFE p:E'—>S'[Kplt)=_(cos2rt ,
sin 2 Tt ) Mtk —Gx, y) €St ;&

U=S'—(—x,—y) , Bl poi(u) EEFFEL

g;ammsx%¢ﬁ,$&ﬁm%@@mm%

s G — I BRI B 8 P RIMBBLE U | # B!
BSt iy covering space.

mEREHEFP : B> XR— covering
map , % P(b) =x , AIE5 ¥ HAR K
Pt 7o(B,b) > 7. (X,x), n>2 B—AEBR
BRI o

~H#E (knot ) FIE¥% (imbedding ) ~

E* ch 0 B PR R R — 0 C equei -
valént ) #EBWEEMFZMELE— “ REEn
H 7 R A4S — AR B — AR o — B AT
$RA « SRHLRSHD ” AR AOF E° gl ( x,® +xf
=1, xi=0) BA—HE , HRHREED
WELE—BEHRE HFEM, FAGFE
EHEFAR , EE R MR EEHMERER
REHRIE T o $FA E* haglas ],
f E° (R R BEEER , (6 E - LR
B CUbEORS T BB ) RIRRMAR , BB
BTN M= X f%E ( trefoil knots ) JE
A — i MR BB o

(VD) (T2 )-

WES E* chiglAS 1., J. TS . RA—
RE h:Jy— T, Bl Jo F0 J. H9R — RO SRR,
“REFER E* S EHRAME , 5 h|J,
=h?” 1908 4 Schoenflies & T FHIEE-
(N7 mE AR ) - “ R T BELEMEA
HifR , h 8 ] ALK ZE E* MEME S', A
h AT {EGE R4 E® 3 E® WRAM L , 7B ER
iy E* SR E® BN . ¥ S & E°® PHvE

MPAERTE (EDS AIS® MM ) 4 hERBESES?
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l _h|s=h? Alexander FEHESREE® iy *“

© 1 n MEVRY MPER®

RN , BEEHE E iy § 618

finite polytope ” Bl thFEBE B 37 76 — M HITE
ﬁéLF , ILEFETE , Alexander horned sphere
atE— A AR A , RS horned sphere

| BoRSEIEEESENE , T E'—S® R EBLEME (7 hor-
* ned sphere b7 Cantor set EERHY “m”
SRR

Brouwer 7£ 1912 £&H E* F¥AMRAT
ERNEEE R n— 1 R R , S RBE
B BB T 3 BB ~ /1S BEE iy i T Y AT TR
BE , SEEMENERNRBREE E° &
RERMAH “ singularities ” B “ HHEZ”
RyEE , KMt EEEH % E® hroiE fEeh mauRal
o BMINEZEEFHHH“ immersion ”EME
HIEE , e EH EERANHEER , —EEER

topological immersion ”#EMEXE M* F &
—BiE— A AT LIS f A EHRR  BE
HMFT AR Klein Bottle 78 RO FhgyiEAIEE 2
Klein Bottle 7£ R® fhf#y immersion .

- Werner Boy 7ZE 1901 3 H P? ZE R® gy ©

immersions ” (3£t immersions HH%EHE

) o 1958 4£ MarkovBZRH Rl - T=AF

5 Wy UKE DRI HI5 #8 ( Classification )H 7

PMRAIRES .

ENE A5 48« Bl R AR E R AU RER B —% hfE
handles #1 kf# contours KR (

oY e A g £ M — R
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h,k>0) 5 TNEERMHTELA
q f& crosscaps #1 k f contours
B (9,k>0), ( 855,
H33)

~ fe S 2 S" HyEEKE (FARERL
R ~

OFT B S* B S* Y SEUSRH BUL AH B B0 1R
(k>1) . FiEMR S*2 S* (k<n)H
ERHBDLIE RS fG . 24 S 3 St
By SERE B © degree ” LS . ERAA
MR Sm, S REE ,

@R Bi% 8 ( antipodal map ) r : S* — S®
9 degree & (—1 )%,

@ gt SIS H B — e Sa

f(x) xg(x)
Bl deg (f)+(—1)" deg(g)=0 .

@%E f:5"—>S" R—EEHAEERE (BT
flxeS*, flx)cx ) ,

Bl deg (£) = (—1)"" , (FFAE
deg (f)(—1)""AIf HEH) ,

®F f:5" — S" H deg(f) %1 ,
HIf#E—PES® #F5 f(P)=—P.

®F f:S™ —>S*™= HIfFE Pe st
#8 f(P)=P&R f(P)=—P.

@D f:S" —S* FHIEMLE , BllhBLH 8K B Ry
#E S"— {x} MR M, M EiK K
f:S* > R* HEEBEEAMR
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HES

@& n ZEH, (n>0)H%E S L¥AHEE

H B G R ‘

(F:7#& S EoEEEMTMEREE—HE
R*" B HBITRNES , EF
—BfrEE S° LA S MY, B
“ERix € S" MRERT R FEE S x H#
b, ) (%10 , HEE)

~ A 7% ( Cohomology ring ) ~

— R , AFAE R LA AERTRES

B9 ( dual ) , EIZER TP EEBE B BE , LR
AR BB . AFAFEHEE Cr (X,6)
FIEF AR a9 A C7 (X, G) BB , BLIFIR
CES Hihi (FrAEX L EgnEn) A (&
X EHBMEE RS (BT ) | BB o Uik
REMBAEEN RN ELARR , EAARRTE
- RAEELE R . —EZEM ERAR QR —
AR 4 . R EAABE ML
FFAEHIFTEE cup product HUSEIETIREEH ,
FF LA BT B A 22 R MR I B L R AR B T A 7N R
LR, ARG RAEERESD HE W E2
Bl M (Ptv S*)xPR PYx P EMEZN
PGt 2 AR Y L R BT _E ) AR IRAU 7R i 1
7, EA—EATR S x S CHE) A

Stvsivst o A AR FE AR L R
, MEABBHAA , (FBEREREETR

HOEAR , FTEATEAKSAWE, ) ?

B C*,C' REAKHMshS, CRIC
#9 cup product BERBEB—ME P+q SR =
CPucCt ,'m CPUC (< woee- vp, Veyr oot Vpyg>)
=CP(<ygrvp> )« CHUK v Yoo )
H cup product W N AME :
@®C*UC* £—1@ bilinear Eﬁ&
® (CPUC®) UCT =C?U(CUC)
@CUe=¢ (e REARBBGTER, -
MEKS e BEBHASK , EEHMEMK
ZEE Y 4 W) =1 ),
@e'UC=CF :
®3(C UCH=8 C'UC™+(~1)" .
Crué c*
R REA—E R R ( Eﬂ{fi{%ﬁﬁﬁ
RBE) , BEANTHRHRMER
a®Ub' = (—1)% b*Ua’
He 2" €H* (k) , b"€H (k) , I
B R ER A LR FAA 8 22 Me R EEE
BHRBNEE , SFREEC2E ( 25, 80%H),
BEBE T ERFER S'x St , igH FRAFABEH®
EREMEAAEOERT  XFARSMBHZ -
e cap product FHB% ( 26, H 310,

~ Cech AFAMLAFAEHR ~

Eech RITMAMFRBE , BIAH ,
(R O F SRR L < Vv 7
%Q£EMﬁeﬁmp,mMEmﬁE%mﬁ,



* | AEERE R . ERRBGHER R

SR LIET » B CH—BHEE , 7 CechiiBEH
o, [ 2 B 922 R R AR B 7T o

EmﬁMnﬁ%*%%UE%%%i@mmms
axiom NEZE, REBRLFEBHYREE .
A E7E Cech WE 2% T —M@ Continuity

A%, REHAAGYRRS (R LERAANESE
Rt ) P BB M (Ea, Fo) ME ,

SRR &6 Cech FIFARE (B RFR )M

%% Cech MR (M LAMABL) , BEERAT
BEEAH
BEREE Cech AMBRIVEE . MEID
R E D A EME AT S B — AR , BT
Ll i bt , $— 220 E #9758 BB ( open

covering ) u , ¥ HE UM AT Ko (B ully
nerve D MIF : K, A EERE TR, AU, .
HUBR u o BHY (Uoy-Us) AER K EE

MEE Uo, -, Ur ,, BIBRE EhZER , HZE
Iz , ZBMH covering WMARIFHIEE , Alfh
i nerve W R AR REBELFERWEEH T
Cech FFABHE HB—HEZME nerve of
coverings HYEEIR) FARF A H MR , REZET
DIRREMEERGE—8 , Al H.(E) =0
(P>0), H(E)=G (REE) . % (E,P
REMBE AN , RFETES Cech MMABEM
BEE [ BE IR S B A8 . XA Continuity
axiom FEHKHEHME Liy Cech FFMEE
W EF ) BE—R . X (19: Massey §

97
v v
lecture notes ¥ Cech cohomology HJiE

Ll nerve of covering ¥ ATHEFIKE
#J support BB , H—LERH) ,

KR —EHTFRY Cech AABA—E
MEEFFAEFAE , SEXFEHTEE, 88

ﬁ&(o,y),(%,wﬁrmzw—z i

-2 vo<x< 2 mam

y=sinTco<x<2), 8 HE =0,

i H,(E) =2 ( ®MESEE) (8525, H
194)

~ HEEHE (duality ) ~

REBRMANE=EHBEHE ( Alexander ,
Poincar’e , Lefschetz ) M RBRHEHA
BRERMAEY , @ELHEEENE, TBE
HENE ( ERFARER )

1 Algxander:
CFIE1L HxEA, ARR HWFEMERN—
BMYRRL , B SE—%Ea ,
H,(R*~{x,} , R*—A;G)=0
HARR TR, B ATI—Eff
HRE , RIFRE
h. : Hi(R*, R*—A; G)

— H™(A; G) 2—[#,
R WE—ERu, RE— R

5132

EH 3,
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i i 5.

# i 6.

F1H 8

51 9.

BERA=ZAFHASHTFEMA , IS

fE—B8a , A

ho: He(R®,R*—A ; G)
—H"(A;G) 2,

(R® AR HS FREOREE

B . .

HARE R WERWTHEISG 22/ , Al

HE—%Bq .

Hu(R*—A; G) =H™"(A;G)
(Hh Ho(R"— A ; G) 3 reduced
EERFARE) .

WMEHE 4 5 AR S™ FE , Al
Hi(R*-A;G)~H,(S"™1;G)
MEHE 4 BAMS™ AE, Al R—A
8 W8 components , ¥ g HE
%&— component 7275 HH ( bound-

ed) . .

( Jordan Curve EH )

HAR R B—BE AR, R
R?— A BE&RMH components , H
f% H{#% — component & bound-
ed. {

FHAR R PEBTEME, IRE—
Efq, Hi(R",R"—A; G) =
He'(A5G) .

Hiz (A; G)=H*™M(A,G)
(HEFH>(A,G) £#¥n—q# ,
Alexander ERFAFE) , .

(R BB T eMmEEeE) °

HE— R FHEBTEMA , RE 9
—EHa

H.(R*—A ;G =H""! (A;G)
(HFPH(R*—A; G)ZE reduced &
FFAMAH, H™'(A5G)Fn—q-1
Alexander FRFAEE) o

% Poincar’e :

FEE 1.

3IEL 4X=R°, LRGP, XEn ikl
, ARX iy BT 220, BIBHE—
BHq . LA (‘hornomorphism)
bu: Ho (X, X—A; G)
—HS SR Y (ARG )t
£—F# (isomorphism),
2/EL EARSRXHLERED , BIEHE
—¥fq. HAE
" bu:Ha(X,X—A5G)
S H-(A;G) B—FA#,
EE3 HEESER 0 Y X E—E R «
R XWFE— S\ FEMA , EAE
be tHe (X, X—u,G) ’
— H™ (A;G) R—FA#,
fS# 4 ( Poincar'e W{EER )
5 X R , HERE FTHY o MEWRHY
BISHER BB q .
H(X;G)=H>Y(X;G)
M5 EXEREEEER o RETEK, Bl

H((X;G)=0=H"(X;G) (Hh



qQ>n) .

# X 2 EE R\, fEE A o fETIY

- g Ha(X36)=G=H*(X,G6)
% X B , BEE MY n MEVRTY
, B XfA MR polytope Ffi—
). .

$HE—E8 q , XA 9 Betti
number 1 n— q #EHY Betti num-
ber HH%E o

FnRETH, A XH Euler

RO -

$HME—BB q , XA aQRESLREL (
torsion coefficients ) f1 (n—4

— 1) fERBREAES

E

w5 am 10,
¢ torsion free. -
3, Lefschetz H{EEH :

& (X, A RS, ERL , HBR C

with boundary )#yn KT , AIEE—
®Ha . J
Ho(X;G) =H(X—A;G)
_ 4 =~H™ (X,A;G)
| H'(X;G)=H'(X—-A;G)
= Huq (X,A;G)

R T —AHE , R I 3R
REXXLFAGEBENTR , RUFUREX

»

?(Eoﬁ,-n_lﬁ’ nﬁw‘:&) #B%
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HET . BEFEERNMMBTHESHEE , MEHFLER
BEA#E , @ orientation , incidence number
Mayer- Vietoris sequence , acyclic, C—W
complex %% , RENBIALEETZAXHHN
THAEEAR T , (A7 2F LRERER Bm A
BEEE R R AL RHK , TRIXARARN
EWW (THERNEERHEMELENGR ) 3P
A% — LRFAFHAT , LH Brouwer &
BACIEEAR S , RS F AR
BEHF#HAT  XFBLEXRZEIARFAR - LR
PR~ EAR - L AT SRR B 5
e, HW— BRSO BN
BT F exactness axciom F excision axiom,
simplicial decomposition , Euler ;R4BEH
ST EAH, BALL cellular decomposition
ERSRB AL . WP B AR - SR
s EBRNRY , FARBTARTKS
KBRS , HERTNORMEEMRTET ,
REHBRBEROHBBETAL o
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1. Alexandroff : Combi‘natorial Topology
(3 volumes ) (1960) _

2 Ahlfors : Riemann Surfaces (1953)

3 Brown: Elements of morden topology
(1968)

4 Cooke and Finney : Homology of cell
complexes (1967)
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Two Problems on Prime Pairs

BWEBm=Z

O. Introduction

In the note,we will first find the primes between a given prime Pn and its square;
then consider a sufficient-necessary condition for prime pairs . At last ,we like todis-
cuss some cenjecture and restriction on our result. This note is developed according to
a paper by R.D. larsson (1].

The well-known Butrancl's Cmjecture tells us that there cxists a prime between Pn
and 2Pn, consqueutly Pn and Pn*. It becomes interesting to find all primes between
them .

We exclude the cuse Pn=2 .

I. Primes between a prime and its square .

Let Py «----t Pn be the set o}f primes with natural order , i.e. P, =2 P;=3 P;= 5

Computing r: for Po=ri (mod Py ) i =2 n— 1, where r; is least positive

residue, we have two sets.

E = {even integers} {RPi—r,|i =2 n— 1R =125 3}

and E'= { positive even integers } — E.

Lemma 1.1 E’ isn't empty

pf. Assume that E'= ¢‘ , then each even integer can be expressed as RPi—r: for

some R; and i.

Thus, each of Pi + 2 ,Pi+ 4 - is of the form P; + RPi—r;
Sinse P I(Pn+ RP: — r; ), each of Part 2, Pa + 4o isnt prime.
This contradicts to Burtrands Cinjecture.

Therefore E'== 0 . QED
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Lemma 1.1 assures that d b, E’ : least element of E’
We claim that P. + by is a prime next to Pu: '
Lemma 1.2 0<b; < Pa? —Pa.

pt.<Clearly b, >0. .

P.*— P. is a positive even integer; hence eilthex; P.*— P.€EE or P.'~P. € E'
However, P! — Pa €E — Pa* — Pa= RPi — 1 for some R and i.

—Pa® =Pa +RPi—r; —»P; | Px* Contradicting to (Pi, Pa) =1 .
[Thus:"Pa¥—P.sEE""and by <0 Pi*~ Pu

The assumption by = Pa* —Pa will imply that P.* is the least element of Pn+_E'
Its easy to see that each prime greater than P. is in Pa +E’.

Now this vields a contradiction to Bertrand’s cenjecture.

Therefore by <Pa* — Pa . QED

Now, we may have .

Theorem 1.3 P.*? + b, is a prime next to Pa.
pf. Suppose that Pi|Pa*+ by fur some i =2,3, - n—1.

Then Pn =—b; (mod Pi ), and thus . ;= —b, (mod P: )

A%k EZ:—by—r,= RPi Hence . by= (—k)Pi—ri.

Since both b, and ri are positive. k is less than 0. ; : i
—k >0, and b, € E. A contradiction .

If Pa| Pa+b; then Ik €Z : RP.=Pa + b,.

Sinces 0 < by < Pua*'.—Pn , Py <RPa= P:? ;

1< k<P. there exists a P1 smch that P; | k. i is one of 1,2, === =S
Thus. Py | Pa4+b; A contradiction.

This proves the theorem . QED.

Corollory 1.4 Let S= {Pa+bi| bt EE" i=1,2, ------ b < Pt =P.t}s

then S consists of all primes between P. and Pa?.

pf. By theoem 1.3 each element of S is a prme between P. and Pa.*.

Conversely . consider that each odd integer m greater than .
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P. is either in Pa + E or P + E'. |
However mE Po + E— m= Pa 4+ kPi—r:  fun some k and i.
—P, |m ,Thus m isn't a prime. QED.
II. Necessary and Sufficient conditions for prime pairs .
for discussionin this Section is based in the following lemma.
Lemma 2.1 Pa+2="Puy,  iff Py —ris=2, ¥ =21 n— 1, whereP:,r; are difined
as in Section I . As before we exclude the case n =1 .
pf. Assime that Po+ 2= Poyy and Py—r: = 2 fur some i =2,3, :+=* na—= 10
Then Puy, =Pu+ (P,— 11 ), which implies that P; | P, .
A contradict. This proves the sufficient part.
Conversely suppose that A =P.+ 2 isnt prime .
then P: |A for some i =2 , - Nl
A=kPi— kPi —2 = Pa.
* Since r; is least positive residue this forces 2 =P; —r;
Hence the necessary condition nolds QED .
By definition of r;, we have .
P.-r,=kP: k,=(P/P)>1.
Thus. Pi—r = (ki +1) Pi— Pa.
If. P —ri =2, then ki+1 is odd. Hence, ki = 2m, , an eveninteger and k;+1
=3 .
By Bertrand’s cenjecture, Pot+; < 2P, .
It is well-known that to see whether an positive integer n is a prime, one
needs only to divide n by there primes which are less than +/ n.
Combining our remark above , we have , by the virtue of lemma 21.
Thm 2.2 For a given n. Pa+2 is a prime iff the following condition holds . .
For each P; such that
: ( P/P, ) =2m, and 3<P,<VIF, .
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Corollary 2.3 If (P/P;)=2m,+ 1, for all 3<P,< +/2Pa
then. Pn+2 is a prime .
Remark . Suppose that Pn+ 2 is a prime .
Pa=kipi+r: ki is odd iff r, is even. ' .
i
P —1

- - e 2 o
The probalility of r; being even is P2 2(P,—2)

(Note that Pa== 0, P, =2(mod P1))

Hence , the probability of the success of the hypothesis in corollary 2.3 is
m Px ”1
T

9 2(P:—2))

As one can see, the value becomes less when n becmes larger.

where . Pn is the largest prime such that Po << /2 Pa.

In fact. by computation, we see that the hypothesis holds.
fon P. = 3,5,11,17, and fails for all prime pairs within 10,000 , beyond.
{17,19} < see Appendix> . ' .
Therefore , we may cenjecture that the hypothesis of corollary 2.3. fails for
all prime pairs beyond {17 ,19}. '
IIT.A restriction to the necessary condition of Theorem 2.3.
Using congruence,we may restrict the necessaery condition of prime pairs to” the fo
llowing basic one . ‘
Theorem 31 If Pa+2 is a prime then. Pa = 6r+5, for all P» > 3.
whue r+ 5k , 7k, 5k + 3,7k +5, k= 0,1,2, - !
pf. Either Px =1 (mod 3 ) on Pa = 2(mod 3), for all P. > 3.
The fact Po+ 2 is a prime implies that Px=2 (mod 3)
Thns P» =3m+ 2 , mEZ , m>0(
Since Pn is odd , m is odd too m=2r+1, r=0,1,2, -
P. =6r + 5
Both Pa = 61 + 5,and Po +2 = 6r + 7 are primes; we see that.
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r+5k,7k, 5k+ 3, 7Tk+5 ;k=0,1,2, ===+ QED
° Remark By thm 31 , there is no “ Prime trio ” {Pa,Pa+2, Pa+ 3} except.
{28355}, {3,5, 7} ¢For Pa> 3 .
{Pa+2, Pa+4} is a prime pair, hence P.+2 =2 (mod 3).
‘However, we thus have that P. =(Q(mod 3 ), Contradicting to P. being a prine.
Similar reasming holds fon modulus 5.
If P.>5 out Pa+2 is a prime, then exact one of P. =1 (mod 5) , Px = 2 (mod5
), Pa=4 (mod 5 ). holds, we discuss them one by one .
(i)Pa=1 (mod 5), P =5m+1 = 10r +1, Since m is even and can be expressed as
m=2r L= 1,2, == ,r=i=3k,3k+2,k=0,1,2, ......
(ii)Pa = 2(mod 5). R =5m+2=10r+7 , (m=2r+1).

ri= 1y 2y r=+7k,7k+4 , 9k , 9k+2, 9k+3, 9k+5, 9k+6,9k+8,
k=10,1,2,
(iDPa= 4 (mod 5) Po=5m+4=10r +9(m = 2r +1).
r=1,2, r=9k , 9k+1, 9k+3, 9k +4, 9k+ 6,9k+7,11k, 11k +9
R=0,1,2wceeeeees o,
Reference:

(1) Robert. D. Larsson : Necessary and Sufficient conditions for prime pairs .
American Math. Jour. 1961.

(2) Calvin. T. Long : Elementary Introduction to Number Theory .

Appendix : (We drop the prime pairs from a table of prime numbers. listed in Calrin T.
Long’s “ Elementary Introtuction to Number Theory ”.

41 419 1019 1619 '
— =8 —l = —_— — —_— =
ESJ EH.J 38 EHJ 92 [133 124
71 431: 1031 1667 g
ESJ E5]86 E5]206 E7]238
101 461 1049 1697
=390 =2y = =y PR =2l
(53 E5392 [13]80 (73242



[5_25: 104
5
569 :
Lagl =2
599.
(arim
647 -
C 7 J=88
641
— =1
C z J=128
659505
[73—94
809.
[-13]—4
v S
[?]-—164
§2Tict!
[*‘7—-3— 118
857
E—5—3:122
7 -
881,
[—5 J=176
2729
[_ITJ =248
2789
(——7 ) =398
2
E—?—lj: 560

5
5
[_@3:230
5
128
C 13 J=94
1
7
(123 1y
7
A30L,_ e
5
1
Eﬂj: 188
7 :
1427
Cae e
(1481 996
5
- 1487
C i 1 =114
1607
C 11J—_146
3119 ¢
E—Ig ) =164
A8 e
7
3251

E@J = 344
5
1787 ...
C 11 ) =162
871
(1—3 = 374
5
[l—gﬂj =268
7
[@J =386
5
1949
(—2)=278
7
1997 .
[? )1 =286
(‘%l =734
5 ,
7
E§%2—1) = 764
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21
E—$@J=3M
(2l = e
ASIED
2237
Llsj—lm
2267
,F T J=106
2309.
L 23 ) =100
[123_39] =334
7
2
5
254
(2229 = 364
2591,
E——ELJ = 518
5
2657
C 13 ) =204
2687
C 11J--244
2771
(——)=542
5
4001
(——1=800
5
4019
[T] = 374
4091
(T]'—‘ 818

2969

2999

€ —7—3 =428
464

[Tg ) =664
4721

[?]= 944
4787

[—IE—J=368

3257

E—EE-]=296
3299
@ 17 )=194
3329
C 11 1 =1302
3359
E13J—2%
3371
(—)=674
5
3389
[—7—] =484
3461
——)=692
5
3467
E7§J~%6
3527,
["Ii_j“'32°
3539
[1—33— 202
3557
(=) =508
7
358
E——ll =716
5
5009
C 17 J=294
5021
—).=1004
5
5099
[_7—] =728

3851

[~5—J= 770
3917, _

C = =356
3929,

€ 133 =302
5879, _
[—EE_J = 534
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41205
C - )=242
4157
=5 =97
C 19 )} =218
1%
[%‘J =602
[ﬁl'_zz_gj =604
7
41
E4—2—J =848
5
425
[—79] = 608
4271
(—) =854
5
44
[——glJ = 884
5
4481
(——) = 896
5
4517
(1_1] = 410
4547
C 27 J=168
4637
(—— ) =662
7
800
Gf72]=1144
8087
(FJ =622
821
E—%;gj==1174

4799
=723 =436
C S ) =43
4931
b one
5

4967
(3= 38

03231y _ 1046
5
5279
(——) =754
7
5417
[T]_ 492
(§%§£]=1088
5
ES—OIJ=1100
5 .
51
(2319 = 788
7
5639. -
C = )= 512
5651
[—éLJ=1wo
565
(—f;Z]= 808
4
E§Z—1)=1148
5
5849,
E—I;—J——344
58
G%¥J=%8
9011
(2 = 1802
5
9041
(24 ye08
5
9238

(_1?3271-0

.

9927
E——;—J =1418



8231

‘ E—75—3=:1646
R e

=5
8

[:3;21 =198

[§%§93==1204.
8537
=776

( 11 e .
8597

C T J 2
8819

( = =678
8837

(——)=1262

7

886 !

[:%rll = 1772
8969

[1—9] = 492

8999 .
[T] = 818

*

9281 . -

=2 91856
C c J
[9%§1J = 1868
9419,
{ i )= 856
[9§§13= 1886
5
'Lg%§5==1348
46
E9—5—13 =1892
9629 .
C 13 ) =740
677
(g—ﬂ=1%2
7
7
é%9J=1%s
9767
[—1-7'—] =574
9857
[—;q=1ms
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On Pseudoprime which are Product of Distinct Primes =27 ®&* »

Definition: A composite number n is called a pseudoprime if n| 2°—2.
We denote P(x) to be the number of pseudoprimes = x and let Py (%)
denote the number of square-free pseudoprimes < x having k distinct
prime factors. 5

Follow this definition, we shall prove the inequality P, (x)>% logx, and also

estimations of Pi (x) and P(x) from below. Finally , we prove that the series £1/P,

where Pn is the nth pseudoprime, is convergent.

Now we prove the following lemma

Lemma : If R is a natural number >2 and x is sufficiently large, then

P+ ()=Pi (logx )

proof : Let n be a pseudoprime which is a product of k> 2 distinct odd primes,
By a theorem of Zsigmondy(3]), there exists a prime P> n such that P/2*'—]1 and
n—1/P—1. Since n is an odd pseudoprime, By definition of pseudoprime, n/2"—2
and n is odd, n/2™ —1, Thus np /2! —1, ccoreeceees (6)) :
On the other hand, np—1 divisible by n—1, since n—1/p—1 and np—-’1 =n(p—1)+(n
—1 ) Hence n—1/np—1 and since 22~!/2""~! Thus by(l) we get np/2°*"'—1
ie, np is a pseudoprime which is a product of k+ 1 distinct odd primes. Next , we (
observe that if n and mare natural numbers n=m, and p,q are primes such that p>
n, q >m, then np7mq. Suppose np=mq and p > n then p/m, hend m=> p and we get .
m>n. Similarly, if g>>m we also get n>m this is a contradiction. Therefore np=c mq
Thus, if n,m are distinct pseudoprimes having k> 2 distinct prime factors, np and
mq are distinct, too.

From() p/2™'—1 and 2°-1—1=(2"7—-1)(2% +1)

Since 2T —-1<2""41 and p/2° T =1 or p/2F 41 Thus p<27—1
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>4
D=1 Dml o n
or p<2 " +1 Therefore p<2 * +1<2*< e’ , since
o) a=1E S <R
2'—2* =2 *(2°-1), n is a pseudoprime which is a product of k>2 distinct

n'l

* >4 Therefore 22 9N >1

i€, 27>2T+1

This, if n< logx then np< e n < ejl"lOBx

1
e logx=x"logx<x

1
TR S }
since lim loglx: lime—=— = lim5=7=0 so logx< X
X —00 XT X"—“X’—x-{- x_)OOEXT
Hence, for every pseudoprime n =P, -+ P:=< logx there exists at least one
ps_ef:doprirne 0D =P Pay-vee P.P<x and for each pseudoprime n,m,nm, the

adequate pseudoprimes np and mq then np=mgq , Therefore, the number of
pseudoprimes <x having k+1 d‘istinct prime factors is more than the number of
pseudoprimes < log x having R distinct prime factors ie,
Pi+s ®W=P:( logx )
Theorem 1 : If x=2*"—1, then

Pz(x)> : log x

proof : Let mbe an odd number > 3, By Zsigmondy’s Theorem (3] there exist
prime numbers p and d such that
P/2~1, q/2"+1,m/p—1, 2m/q—1 - seeee(2)
since p,q and m are odd, p—1 is even, 2m/p—1, Further
p/2®—1 and 2™-1/29"'—1 then p/2%'-—1
q/2*®"—1 and 2°*®—1,29'—1 then q/2%'—1
Hence, by a theorem of J.H. Jeans (2], pq is a pseudoprime .
From above we get pq/2°"—1 ie, pq<2'™—1
Thus, for every odd number m> 3 there exists a pseudoprime of the form pq and



142 :
. (]
pg< 2'7—1.
Let x be sufficiently large and m be the greatest odd number for which 2°»—1<x, o

since for every m> 3 and m is an odd number, there exists, p,q such that pq is a

pseudoprime, ‘
Therefore if 2°™—1<_x there are at least (m—3).2 of pseudoprimes of the form
pq less than x i,e, P; x> m;3

We see that there are at least (m—3 )2 pseudoprimes pq, where p, q are primes
satisfying (2), whereas there exist pseudoprimes pq not satisfying(2) ,' for example :
17257 ( 17/28~1 , 257./2%+1 )
23+ 89 ( 23°89=2"-1) ‘
At the same time for m=11, there are two pseudoprimes satisfying(2) namely 23.683
and 89.683. Thus if x> 2" —1, we may write

From above we know that m is the greatest odd number such that 2**—-1<x _p

P, (0=

Now m+2>m then
x<22(m+:)_1 <22(m+2)< e'(m'”)

whence 2 (m+2)> logx i.e. Am+2 >% logx
then P, (x)>%?>% log x

Hence the theorem is proved,
Remark : It may be shown that the inequalty,
1
P, (X)>Z logx

holds for x=1387 but not for another x

1< x< 1387
proof : Since 1387=19%x 73 and
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4 73,20 = 19./2°—-1, 9,73-1, 2%9/19—1
; By Zsigmondy’s theorem(3) and a theorem of J.H. Jeans (2] we know 1387 is a
pseudoprime,, now we want to find a pseudoprime which is less than 1387. In
Theorem I if we choose m=5, p=31, q =11 then, we get
3174281, 117224186 /31—1 « 2xX5 1] -1
Therefore pq=31x11 is a pseudoprime. And whenm=7 , m=8 , we can’t find a

pseudoprime ‘which is a product of two, distinct prime and less than 1387. Hence

P; ®=>2 ifix >"1387
Pex)=>1" if x>341
But when. x = 341 % logx = % log 341 =%X 5.832>1.4

thc;,n P; (X)>i_ logx is not true gor 341 <{x <1387
and since 'Pz ®=0 when x<341 such that

Pg(x)>i logx is not true for 1 <<x< 341
Now we get a consequence if 1<<x<1387

Pg(x)>%logx is not true

Since  x=1387 i—log :%x 7.236>1.8
and P,(x=> 2 for x> 1387
Hence P, (x)>% log x holds for x > 1387

Theorem 2 : If k is a natural number > 2 and x is sufficiently large, then
Py (XJ>% logx_; X, where byxx denote the k times iteratd

logarithm.
proof : By Mathematical Induction the statement can be shown. From
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Theorem I we know if k=2 then.

P, (x)>i log x Therefore the statement is true for k=2, Novx;_ if the state-

ment is true for k=n ie
Px (X)>% loga-; X then
Po+y 2 Pa (logx) ( by lemma )

1 !
>Z logn=; ( logx) = loga (%)

Hence if k=n+1 the statement is also true

Therefore the theorem is proved.
Theorem 3 : If k is a natural number and x is sufficiently large, then
k

P@>=log {x T logax} i
4 n=1
proof : For sufficiently large x
P®> Py, ®)+ Py x)+--e- + Pty %) whence

by Theorem L P(x)>% logx +:ll— logsXx +eeree +i— logi+1 X

:% (logx + logeX +-+=-* + logx+1X )
1

:Zlog[x'logx- logax «eoee logex )
1

k :
== log {x* T logax}
=

>

Finally we prove another result.

Theorem 4 : The series £1,/Pa, where Pa is the n-th pseudoprime, is

convergent.
proof : Since P.Erdos (1) proved that for x sufficiently large,

5



P®<2x exp {—%( logx)'}}
Now we let x = Pa, then PX=n and
n< 2Pa exp {—%(log P. )%}

Since, n<P., we have

2P:>n exp {%( log Pa )'l‘}>nexp {%( logn)%}

2 2

b n exp {%— ( loga )!‘}

g d 1
On the other hand, for large m m*> 4 logm

Since lim — = lim I =
m—o0 m* m-—)oozm4

1
and thus for sufficiently large n, (logn)*>41og logn
1
Hence exp {%( logn)*} > exp {% log logn}

=( logn)? :
ik 2
P L
i n(logn)%

Then

1

5 :
Since 22/ {n (logn)?} is convergent then ZP

is convergent too.
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A+ EEBRESEERER

EHEE  PEB (=H)
HHEE : Qg ()
RAXMB: E/KX(=2)
BRERE: IER(=ZH) REE (ZH)
EERE: SHEHR (=H)
REBERE : EHE(=ZZ)
MEBERE : 2B (=2) IHEE(ZH)
BAERE : AWE (=H)
REEEH: AEE(=ZR) £FR(=2)
BB (ZH) HFEM(ZZ)
FHEE :
FRHE BEELR FAH (W)
HEE BB KB (=H)
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mExE BiRE EXFE (ZZ)
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